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PREFACE 
The present work revolves around the Jungck's theorem 
(1976) which is essentially the most significant generaliza-
tion of celebrated Banach contraction principle. In recent 
years Jungck's theorem has been extended and generalized in 
various ways and in various spaces such as uniform spaces, 
metric spaces and Banach spaces etc. By a fixed point we 
shall understand a statement which asserts that under certain 
conditions (on the mapping T and on the space X) a mapping T 
of X into itself admits one or more fixed points. Fixed 
point theory is an important area in the rapid growing fields 
of non-linear analysis. It has found extensive applications 
in various areas viz. the theory of non-linear oscillations, 
fliiid flow, approximation theory, economic theories and ini-
tial and boundary value problems for ordinary and partial 
differential equations. 
The present thesis comprises five chapters and each 
chapter consists of various sections which are numbered in the 
order in which they occur in the text. Each chapter begins 
with a brief introduction to its contents. 
In Chapter-I, we have attempted to give a brief account 
of the historical development of the subject, preliminary con-
cepts and the important results used throughout the theoiP. 
This chapter is mainly aimed at making the present text as 
self contained as possible. 
 
 
 
 
 
  
 
 
 
m 
In Chapter-II, we have proved certain metrical fixed 
point theorems employing rational inequalities which genera-
lizes some earlier known results of Fisher, Diviccaro et al. 
and several others. We have also proved a fixed point theorem 
for continuous densifying mappings in metric spaces, and a 
fixed point theorem in L-spaces satisfying certain contrac-
tive condition. 
In Chapter-Ill, we have obtained some common fixed 
point theorems in uniformly convex Banach spaces employing 
weak conditions of commutativity. On the lines of a theorem 
of Rhoades we prove a common fixed point theorem for a pair 
of non-self mappings employing certain weak conditions of 
commutativity. The result thus obtained has been applied to 
prove a common fixed point theorem for non-expansive mappings 
using the notion of star shaped subsets. 
Chapter-IV is devoted to the fixed point theorems in 
2-metric spaces under weak conditions of commutativity. While 
proving our theorem we are amply motivated by Fisher-Sessa, 
Naidu-Prasad and Jungck. 
The fifth and the last chapter deals with the fixed 
point theorems for hybrid contractions (viz. the contractions 
involving singlevalued and multivalued mappings). The first 
result, obtained by employing the general contractive conditions 
of Som-Miikherj ee extends and unifies the earlier known results 
of Khan, Pachpatte and many others. The second result for 
asymptotically regular mappings is an Improvement over the 
 
 
 
 
 
  
 
 
 
(w/; 
results of Rhoades et al. and Singh et al. Finally, we have 
obtained some fixed point and coincidence point results for 
non-self hybrid contractions employing the Hardy-Rogers con-
tractive condition. Some related results have also been 
obtained. 
In the end, a bibliography which can by no means be 
regarded as exhaustive, is given which contains only those 
books and papers which have been referred in this exposition. 
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CHAPTER ~ 1 
PRELIMINARIES 
1.1 INTRODUCTION 
Let T be a mapping of a set X into itself. An element 
X e X is said to be a fixed point of the mapping T if Tx - x. 
By a fixed point theorem we shall understand a statement 
which asserts that under certain conditions (on the mapping 
T and on the space X) a mapping T of X into itself admits one 
or more fixed points. 
Fixed point theory is an important area in the fast 
growing fields of non-linear analysis and non-linear operators. 
It is relatively young but fully developed area for research. 
The study of the existence of fixed points falls within the 
several domains such as x classical analysis, functional ana-
lysis, operator theory, topology and algebraic topology. Fixed 
point theorems have found fruitful applications in various 
areas viz. the theory of non-linear oscillations, fluid flow, 
approximation theory, chemical reactions, steady state tempe-
rature distribution, economic theories and initial and boun-
dary value problems for ordinary and partial differential 
equations. For details one can refer to Amann [2], Collatz 
[16], Kararaardian [56], Martin [71], Smart [lOO] etc. 
Brouwer [lO] was the first to prove a fixed point 
theorem which states that a continuous mapping of a closed 
unit ball of n-dimensional Euclidean space has atleast one 
 
 
 
 
 
  
 
 
 
fixed point. Several proofs of this basic result can be 
found in the existing literature. 
It was Alexendroff and Hopf [l] who, for the first 
time proved Brouwer's fixed point theorem by using the tools 
from algebraic topology while Birkhoff and Kellogg [5], 
Dunford and Schwartz [22] used classical methods of analysis 
to prove the same theorem. Theorems confined to the sub-
spaces of R*^  are not of much immediate use in functional 
analysis where one is generally concerned with infinite di-
mensional subsets of some function spaces. 
Some seventy years ago, Birkhoff and Kellogg [5] were 
the pioneer to obtain the first infinite dimensional fixed 
point theorem. Infact, they used Brouwer's fixed point theo-
rem to prove existence theorems in the theory of differential 
equations in 1922. Afterwards Schauder [93,9^] generalized 
Brouwer's fixed point theorem to the case where X is a com-
pact convex subset of a normed linear space. Lateron, this 
theorem was extended to locally convex topological vector 
space by Tychonoff [105]. 
In different sections of this chapter we discuss 
various notations which are essential for the presentation 
of results in the subsequent chapters. For a complete acc-
ount of fixed point theory one is referred to the books of 
Istr^tescu [^], Rus [90] and Smart [lOO]. Two survey papers 
by Rhoades ([86], [88]) are also of special significance for 
the comparative study of various metrical fixed point theorems 
 
 
 
 
 
  
 
 
 
1.2. FIXED POINT PROPERTY 
( 
A topological space X is said to have the fixed point 
property if for every continuous mapping T from X into itself, 
there exists a point x in X such that Tx « x. 
The fixed point property is a topological property. It 
is expected that a set with fixed point property should be 
compact and contractible. Any set lacking one of these pro-
perties will certainly leave a mapping with no fixed point. 
Real line, circle are the examples which do not have the fixed 
point property while the unit interval[0,l] has the fixed point 
property. For further details, one can be referred to Smart 
[lOO]. However, Kinoshita [65] gave an example to show that 
the conditions of compactness and contractibility are neither 
necessary nor sufficient for a space to have the fixed point 
property. 
1.3.BANACH CONTRACTION PRINCIPLE 
The other fundamental result after Brouwer's fixed 
point theorem was given by S. Banach in 1922 which is known 
as Banach contraction principle or contraction mapping theo-
rem. Indeed^this is the most celebrated result of fixed 
point theorem which runs as follows: 
A mapping T from a metric space (X,d) into itself is 
called a c_ontraction if d(Tx,Ty) >$ kd(x,y) for all x,y in X 
and 0 -^  k < 1. Clearly, a contraction mapping is continuous 
but the converse need not be true. 
 
 
 
 
 
  
 
 
 
The Banach contraction i>rinciPiS. 5^§^®§ ^ hat^ a_ cqrv^ac:-
tion mapping of a complete metric space into itself has^  a 
unique fixed point. 
This theorem is very significant, simple and its proof 
does not require much topological background. We use the 
contraction mapping theorem to establish the existence-uni-
queness theorem for ordinary non-linear differential equations. 
For various other applications of the contraction mapping 
theorem one is referred to Kolmogorov and Fomin [66]^where 
one finds excellent illustrations of the use of fixed point 
theorem. 
Since then many generalizations of the Banach*s result 
have appeared, Chu and Diaz [l4] and Bryant [ll] observe that 
it is sufficient for some iterates T*^  to be a contraction in 
order to have a unique fixed point. Rakotch [84] and Boyd-
Wong [9] have attempted to generalize the Banach*s result by 
replacing the Lipschitz constant k by some real valued func-
tions whose values lie in [0,1). In order to accomodate a 
variety of continuous and discontinuous functions^ attempts 
were made to replace the contractive condition by some more 
general mapping condition. Recently, Rhoades [86,88] made a 
systematic study and compared the various contractive condi-
tions scattered in the literature. It does not seem possible 
to record all the contractive definitions which are scattered 
thro\aghout the literature. Here we opt to mention a few which 
are relevant to the contents of the present work. 
 
 
 
 
 
  
 
 
 
(a) Hardy and Rogers [39] : 
(1.3.1) d(Tx,Ty) ^< a^ d(x,Tx) + ^^ d(y,Ty) + a^ d(x,Ty) 
+ a^ d(y,Tx) + a^  d(x,y) 
5 
for all x,y in X, a^ ^  0 (i » 1,2,3,^»5)^ E a^ < 1. 
(b) Khan [6l] : 
(1.3.2) d(Tx,Ty) >$ h [d(x,Tx) d(y,Ty)]^/2 
for all X, y e X and 0 ,$ h < 1. 
(c) Delbosco [17] 
(1.3.3) d(Tx.Ty) ^  g(d(x,y). d(x,Tx), d(y,Ty)) 
where g : R;: - R. is a continuous function having the proper-
ties (1) g(l,l,l) » h < 1 and (ii) for u,v ^ o such that either 
u ^  g(u,v,v) or u v^  g(v,u,v) or u 4; g(v,v,u) then u >$ hv. 
(d) Husain-Sehgal [^2] 
(1 .3 .4 ) d(Tx,Ty) <: cjj ( d ( x , y ) , d (x .Tx) . d (y ,Ty) , d (x .Ty) , 
d(y,Tx)) 
I 5 
where cb : R^ •* R+is an upper semi-continuous function from 
the right and non-decreasing in all the coordinate variables 
such that cja (t,t,t,at,bt) < t where a,b :^  0, a + b >$ k 
(a constant). 
(e) Reich [85] 
(1.3.5) d(Tx,Ty) ^< a^ d(x,Tx) + a^ d(y,Ty) + a d(x,y) 
 
 
 
 
 
  
 
 
 
for all x,y in X, a^ ^ >/ 0 (i « 1,2,3) and a^ + a^ + a^ < 1. 
1.4.JUNGCK*S RBSULT 
The well-knovm conjecture that if S and T are two con-
tinuous commuting functions which map a closed interval of a 
real line into itself, then they have a common fixed pointy 
was given independently by Eldon Dyer (195^), Allen L. Shields 
(1955) and Lester Dubine (1956). The partial solutions to 
this conjecture were given by Cohen [15], Jungck [52), DeMarr 
[18,19] and others. In 1967 it was Boyce [7,8] and Huneke 
[MD,U1] who independently disproved the conjecture by construc-
ting an example of [0,l] equipped with above properties withr-
out a common fixed point. 
Thus the common fixed point theorems for commuting 
mappings require extra conditions on the space or on the mapp-
ings or on their ranges. Motivated from the fact that a 
fixed point of a mapping is a common fixed point of that mapp-
ing and the identity mapping, Jungck [52] obtained the follow-
ing generalization of Banach contraction principle. 
Theorem l.A.l. Let T be a continuous napping of a complete 
metric space (X,d) into itself. Then T has a fixed point in 
X if and only if there exists a k e (0,1) and a mapping 
S : X > X which commutes with T and satisfies 
(i) S(X)C T(X), and 
(ii) d(Sx,Sy) <$: k d(Tx,Ty) for all x,y in X. 
 
 
 
 
 
  
 
 
 
Indeed^S and T have a unique common fixed point. 
Jungck [51] proved a common fixed point theorem of 
two mappings defined on a compact metric space. Further 
generalizations and extensions of Jungck's fixed point theo-
rems have appeared in Fisher [2^,25], Kasahara [60], Park 
[79,80,81], Park and Park [82], Khan and Fisher [63], Khan 
and Imdad [64], Sessa [95] and various others. 
1.5. WEAK OONDITIONS OF COMMUTATIVITY 
In recent years several definitions of conditions 
weaker than commutativity have appeared which have facilitated 
significantly to extend the Jungck*s theorem and several other 
known results. Foremost among these is perhaps the weak comm-
utativity condition introduced by Sessa [95] which can be 
described as follows t 
Definition 1.5.1. Let A and S be mappings of a metric space 
(X,d) into itself. Then {A,S} is said to be weakly commuting 
pair if 
d(ASx, SAx) ,,< d(Sx,Ax) for all x e X. 
Obviously, a commuting pair is weakly commuting but 
its converse need not be true as is evident from the following 
example. 
Example 1.5.2. Consider the set X « [0,l] with the usual 
metric. Let Ax » j and Sx = ~ - for every x e X. Then for 
all X e X, 
 
 
 
 
 
  
 
 
 
8 
d(ASx,SAx) - I 
^+2x ^+x (4+x)(^+2x) 
X^ X X 
^ a « d(Sx,Ax) . 
4+2x 2 2-»-x 
So, A and S commute weakly. 
But, for any non-zero x e X, we have 
X X 
SAx - , ASx » , 
4+x 4+2X 
hence, SA ^ AS. Thus A and S do not commute. Jungck [51] 
observed that if Ax » x^ and Sx = then A and S are not 
weakly commuting. Thus it is desirable to introduce a less 
restrictive concept which he termed as compatibility. 
Definition 1.5.3. Two self mappings A and S of a metric 
space (X,d) are compatible if and only if lim d(ASx^, SAx )= 0 
whenever {x } is a sequence in X such that lim Ax -
lim Sx^ = t for some t e X. 
n — " 
Clear ly , any weakly commuting p a i r i s compatible but 
t he converse need not be t r u e as shown in the following 
example. 
Example 1 .5 .4 . Let Ax - x^ and Sx » 2x^ with X » R having t^  
usual met r ic . Then A and S a re compat ib le ,s ince 
|Sx-Ax| = jx^l —> 0 i f and only i f jASx - SAx| = 6 |x^ | —> 0 , 
but I ASx - SAxj ,^  |Sx - Ax| i s not t r u e for a l l x e X, say, 
for example, a t x = 1. 
 
 
 
 
 
  
 
 
 
Motivated from Sessa [95] and Jungck [53 ] , t he concepts 
of weak commutativity and compat ib i l i ty for nonself hybrid 
mappings were given by Hadzic-Gajic [38] and Hadzic [37] which 
runs as fol lows. 
Def in i t ion 1 .5 .5 . Let K be a non-empty subse t of a metr ic 
space (X,d), F : K—> 2^ and T : K—> X. Then the p a i r 
{ F , T } i s s a i d t o be weakly commuting i f for every x,y in K 
such t h a t X e Fy €uid Ty e K, 
d(Tx, FTy) ,^  d(Ty, Fy) . 
Def in i t ion 1 .5 .6 . Let K be a non-empty subset of a metr ic 
space (X,d) , F : K—> 2^ and T i K > X. Then the pa i r 
{F,T} i s s a id t o be compatible i f for every sequence {x } 
from K and from the r e l a t i o n l im d(Fx^, Tx ) «= o and 
Tx^ e K, i t follows t h a t 
lim d (Ty^, FTy^) = 0 , 
for every sequence {yj from K such t h a t y e Fx . 
" n n 
For K =. X and F single-valued, the definitions 
1.5.5 and 1.5.6 reduce to definitions 1.5.1 and 1.5.3 respec-
tively. It is well known that weakly commuting pair {F,T } is 
compatible but the converse is not necessarily true as shown 
in Example 1.5.^. 
For a pair of hybrid selfmapping of X, Kaneko-Sessa 
[55] extended the notion of weak commutativity and compatibi-
lity which we give in the following. 
 
 
 
 
 
  
 
 
 
10 
Definition 1.5.7. Let (X,d) be a metric space, F : X — > 2 
and T : X — > X. The pair (F,T) is called weakly commuting if 
Y 
for each x e X, TFx e 2 and 
H(FTx, TFx) ^  d(Tx, Fx)^ 
Y 
where H is the Hausdorff metric defined on 2 induced by d. 
Definition 1.5.8. Two mappings F : X — > 2^ and T : X — > X 
are compatible if and only if 
TFx e 2^ for all x e X and H(FTx^, TFx^) — > 0 
whenever {x^ } is a sequence in X such that Fx_—> M s 2 
* n' n 
and Tx^ > t c M, where H is the Hausdorff metric defined 
on 2^. 
Imdad e t a l . [ 43 ] and Singh et al» [97] have used the 
following weak conditions of commutativity. 
Definit ion 1 .5 .9 . The mappings F : X —> 2^ and T : X --> X 
are ca l led quasi commuting at x e X i f TFxC FTx. The pa i r {F,T 
are said to quasi-commute on X i f they quasi-commute at 
every x eX. 
Singh et a l . [97] used the term commutativity for the 
same which i s somewhat misleading as i t i s a condit ion weaker 
than commutativity. 
Definition 1.3 .10. The mappings F : X—> 2^ and T : X—> X 
are cal led weakly commuting at x e X, i f 
 
 
 
 
 
  
 
 
 
11 
H(TFx, FTx) ,^  d(Tx, Fx) . 
T and F are weakly commuting on X, if they commute weakly at 
every x e X. For F single valued, this definition reduces 
to definition 1.5.1. 
In a recent paper Jungck et al.[54] introduced the 
concept of compatible mappings of type (A) and have shown 
that the compatible mappings and compatible mappings of type 
(A) are equivalent under certain conditions. 
Definition 1.5.11. Two self mappings A and S of a metric 
space (X,d) are said to be compatible of type (A) if 
lim d(ASx^, SSx^ )^ « 0 and lim d(SAx^, AAx ) = 0 whenever 
{x„} is a sequence in X such that lim Ax = lim Sx • t for 
* n' _ n n 
some t e X. 
The following examples show that if A and S are not 
continuous then the compatibility and the compatibility of 
type (A) are not comparable. 
Example 1.15.12. Let X » R^with the usual metric. Define A 
and S as follows: 
^ i f X ^ 0, r ^2 i f X 4 0 , 
Sx = ] and Ax « T 
L i f x ^ O L z i f x = 0 . 
Then A and S are not continuous a t t - 0. Consider the sequence 
{Xjj} in X defined by x^ - n^, n » 1,2, Then as n —> « ^ 
1 
Sx = - J - ^ t . 0, 
n 
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Ax„ = -5 - ^ t = 0 . 
and 
but 
and 
n 
lim d(SAx„, ASx) - lim d(n^,n^) - 11m |n'*-n^ | - 0 , 
n-« " " n-<* n-»» 
lim d(SAx , AAx ) - lim dCn®,n^) - lim In^ -n'*! - «• 
lim (SSx , ASx ) » lim d (n^ jn'*) « lim |n^-n^| = «• . 
Therefore, A and S a re compatible but they are not compatible 
of type (A). 
Example 1.5»13. Let X » [ 0 , l ] wi th the usual met r i c . Define 
A and S as follows: 
f x i f xe [0 , I ) , f l - x i f xe [O. ^ ) , 
Sx « y and Ax « -/ 
L 1 if xe [|, 1 ] L 1 if xe [ |. 1] . 
Then S and A are not continuous at t » |- . We assert that 
S and A are not compatible but they are compatible of type 
(A). To see this^  let {x^ l^C [o,l] and Ax^, Sx^ > t. By 
definition of S and A, t e { |-, 1}. Since S and A agree on 
[ 2» J^ » ^ ® consider only t • j . So we suppose that 
x^ — > J and that x^ < |- for all n. Then Ax^ - 1 - x —> i 
from the right and Sx^ « x^ > | from the left. Thus, since 
1-x^ > ^  for all n, we have 
SAx^ = S(l-x^) > 1 and^ since ^^ < \ * 
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^ ^ n - Ax^ " ^ - ""n "~^ 2 • 
Consequently, 
d(SAx^, ASx^ ) > I , 
but 
d(SAx^, AAx )^ - |SAx^ - AAx l^ = | l - .T( l -x^) l - | l - l | —> 0 
and 
d(ASx^. SSx^) - |ASx^ - SSx^l = I d - ^ n ^ - ^ i ' ' l ^ - ^ x ^ l - ^ ( 
as X — > i . Therefore S and A are compatible mappings of 
type (A) but they are not compatible. 
The following propositions noted in [13] show that 
compatible mappings and compatible mappings of type (A) are 
equivalent under some conditions. 
Let A, S be two self mappings of a metric space (X, d) 
into itself. 
Proposition 1.3.1^« Let A,S be sequentially continuous 
mappings. If S and A are compatible, then they are compatible 
of type (A). 
Proposition 1«5»15. Let A, S be compatible mappings of type 
(A). If one of S and A is sequentially continuous^then S and 
A are compatible. 
Proposition 1.^.16. Let A, S be sequentially continuous 
mappings. Then S and A are compatible if and only if they 
are compatible of type (A). 
Proposition 1.5.17. If A and S are compatible mappings of 
 
 
 
 
 
  
 
 
 
1^ 
type (A) and St = At for some t e X, then SAt = AAt = ASt = SSt. 
Proposition 1.3.18. Let S and A be compatible mappings of 
type (A) and let Sx^, A x ^ —> t for some t e X. Then the 
following holds : 
(1) lira ASx a St if S is sequentially continuous at t, 
(2) SAt » ASt and St = At if S and A are sequentially con-
tinuous at t. 
1.6>CERTAIN BANAGH SPACES 
In this section we collect definitions and properties 
of some important Banach spaces which are extensively used in 
fixed point theory. 
Definition 1.6.1. The modulus of convexity of a Banach space 
X is a function 6 : (o,2] — > (0,1] defined by 
fi(e) » inf. {1 - I l|x+yj| : x,y e X, l|x|| » ||y|I = 1, 
||x-yll >, e }. 
It is well known (Iseki [45]) that if X is uniformly convex 
then 6 is strictly increasing, lim 0 (e) = 0 and a(2) » 1. 
e-»o 
Let T] denotes the inverse of fi, then we note that T] (t) < 2 
for t < 1. 
Geometrically speaking, X is uniformly convex if for 
any two points x and y on the unit sphere, the mid point of 
segment Joining x and y can be closed to but not on that sphere, 
only if X and y are sufficiently close to each other. 
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Every Hilbert space is uniformly convex whereas the 
set of all continuous functions on interval [0,l] with sup-
norm is not uniformly convex. 
Definition 1.6.2. A Banach space X is called .strictly convex 
if for x,y e X and ||x+yj| » ||x|| + ||y||, it follows that x = \y 
where \ > 0.(X is strictly convex Banach space if whenever 
||x|| = ||y|| =1 and x + y, then ||| (x+y) || < 1). 
A uniformly convex Banach space is clearly strictly 
convex, but not conversely. 
1.7. L-SPACES 
This section offers a brief account of L-spaces patter-
ned after Kasahara [59]. Let N denotes the set of all non-
negative integers. 
Definition 1.7.1. A pair (X, —>) of a set X and a subset —3 
N 
of the set X x X is called an L-space if the following condi-
tions hold ; 
(i) If x = X e X for all n e N, then ({x } , x) e —> . 
" neN 
(ii) If (S,x) e —> , then (t,x) e —> for every subsequence 
t of S. 
It is more convenient to write S —> x or x 
n 
X 
instead of (S,x) e —> which reads as S converges to x, where 
S » {x } . If T is a mapping on X then TS denotes the 
" neN 
sequence {Tx } 
neN 
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Definition 1.7.2. An L-space (X, — > ) is said to be separa-
ted if each sequence in X converges to atmost one point of X. 
Definition 1.7.3. A mapping T of X into an L-space (X, —> ) 
/ 
is said to be continuous if S — > x implies Tt — > Tx for 
some subsequence t of S. 
Definition 1.7.^. Let d be an extended real-valued function 
on X X X. The L-space is said to be d-.co^ Pl??®. ^ ^ ^^^^ seque-
nce fx^} in X with 
^ neN 
oe 
nao 
converges to atleast one point of X. 
Definition 1.7.5. By a semi-metric on a set X, we mean a 
non-negative real valued function d on X x X which is symmetric 
and d(x,y) » 0 if and only if x » y, for all x,y in X. It may 
be noted that an L-space is separated if the semi-metric d is 
continuous. 
1.8.2-METRIC SPACES 
Following GShler [32] and White [107], we have the 
following notions. 
Definition 1.8.1. Let X be a set consisting of atleast three 
points. A 2-metric on X is a real-valued mapping d on x' 
which satisfies the following conditions : 
(i) To each pair of distinct points x, y of X, there exists 
a point z such that d(x,y,z) :f 0, 
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( l i ) if a t l e a s t two of x ,y ,z are equal , then d(x ,y ,2) = 0 , 
( i i i ) d (x ,y , z ) - cl(y,z,x) - d ( x , z , y ) , for a l l x ,y , z in X, 
Civ) d (x ,y , z ) 4 d (x ,y , a ) + d (x . a , z ) + d ( a , y , z ) for a l l 
a ,x,y»z in X. 
The p a i r (X,d) i s ca l l ed a 2-metric space. I t should 
be observed from ( iv ) t h a t a 2-metric d i s always a non-
negat ive function. We fu r the r mention t h a t a 2-metric abs -
t r a c t s t he p rope r t i e s of the area function for Euclidean 
t r i ang le s in Ju s t the same manner as a metric abs t r ac t s the 
p r o p e r t i e s of the l eng th function. We s h a l l t he re fo re , c a l l 
proper ty ( i v ) as t r i a n g u l a r area inequa l i ty or simply TA-
inequa l i t y . 
I t i s well known t h a t a 2-metric d i s always (sequen-
t i a l l y ) continuous in two va r i ab l e s thus i t w i l l a l so be 
( s e q u e n t i a l l y ) continuous in a l l the t h r ee v a r i a b l e s . In 
t h i s case d i s sa id t o be continuous. 
Def in i t ion 1 .8 .2 . A sequence {x } in 2-raetric space (X,d) 
i s s a id to be convergent wi th l i m i t x in X i f 
lira d(x , x , a ) = 0 for a l l a e X. 
n-«s» 
It follows that if the sequence {x } converges to x 
then lim d(x ,a,b) = d(x,a,b) for all a,b in X. 
n-oo 
Definition 1.8.5. A sequence {x^ }^ in 2-metric space (X,d) 
is said to be a Cauchy sequence if lira d(x ,x ,a) - 0 
in,n-»<» 
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for all a in X. 
Definition 1.8.4. A 2-metric space (X,d) is said to be 
complete if every Cauchy sequence in X is convergent. 
1.9. DBNSIFYINQ MAPPING IN METRIC SPACES 
Following C. Kuratowski [68] we introduce the measure 
of non-compactness for a set A denoted by a(A). 
Let A be a bounded subset of a complete metric space 
(X,d). By the real number a(A) we denote the infimum of all 
positive number e such that A admits a finite covering consis-
ting of subsets of A with diameter less than e. We have the 
following : 
(i) 0 ^ a(A) >^  6(A)^where fi(A) is the diameter of A, 
(ii) a(A) - 0 if and only if A is precompact, 
(iii) a(AUB) = max. {a(A), a(B)}. 
Many other useful properties of measure of non-compactness 
can be found in Nussbaum [77]. 
Furi-Vignoli [30,31] introduced the concept of densi-
fying mappings as described below. 
Definition 1.9.1. Let (X,d) be a metric space. Then a mapping 
T of a metric space (X,d) into itself is called densifying if 
for every bounded subset A of X with a(A) > o, we have 
a(T(A)) < a(A). 
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CHAPTER - II 
SOME FIXED POINT THEOREMS FOR CERTAIN CLASSES OF MAPPINGS 
2.1.INTRODUCTION 
In this chapter we prove certain metrical fixed point 
theorems employing rational inequalities. In Section 2.2 we 
prove a common fixed point theorem for four mappings of a 
complete metric space satisfying a rational inequality which 
in turn generalizes some earlier known results of Fisher [24] 
Diviccaro et al.[20] and several others. Some examples are 
furnished to demonstrate the degree of generality of our 
theorem over the theorem of Fisher [24]. A related result 
is also established. 
Section 2.3 is devoted to a result on fixed point for 
continuous densifying mappings satisfying a rational inequality 
due to Fisher [23] which also demands some suitable extra con-
dition. In the final section of the chapter we prove a fixed 
point theorem in L-spaces satisfying certain contractive con-
dition. In this regard the work of Kasahara [57,58] deserve 
special mention. For the results of this kind one is referred 
to [60], [104] and [109]. 
2.2.FOUR MAPPINGS SATISFYING A RATIONAL INEQUALITY 
In this section we present the results concerning the 
four mappings satisfying a rational inequality. Our result 
unifies the repult of Fisher [24] and Diviccaro et al.[20]. 
We prove the following. 
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Theorem 2.2«1. Let (S,l} and {T,J} be weakly commuting pair 
of mappings of a complete metric space (X,d) into itself such 
that 
(1) T(X)C I(X). S(X) CJ(X) and for all x,y in X;,either 
ad(lx,Sx) d(Jy,Ty) 
+bd(lx,Ty) d(Jy,Sx) 
(2) dCSx.Ty) < + cd(Ix,Jy), 
d(Ix,Sx) + d(Jy,Ty) 
i f d ( l x , S x ) + d(Jy,Ty) =f 0 , where a > l , b ^ O , 0 > $ c < l 
and a + 2c < 2 , or 
( 2 ' ) d(Sx,Ty) - 0 i f d (Sx , Ix ) • d(Jy,Ty) « 0 . 
If one of S,T,I or J is continuous then S,T,I and J 
have a unique common fixed point z. Further z is the unique 
common fixed point of S and I and of T and J. 
Proof. Let x^ be an arbitrary point of X. Since S(X)cr j(x) 
we can find a point x^  in X such that Sx =• Jx,. Also, since 
X O 1 * 
T(X)C I(X), we can further choose a point X2 with Tx^ « Ix^. 
In general, for the point x^^ we can pickup a point x^ 
such that Sx^ jj - JXg^ j^^  and then a point X2^^2 ^ ^^^ 
^^2n+l = ^ ^2n+2 ^°^ ^ = 0,1,2,3, 
Let us put U2„ » d(Sx2„, T^ 2n4.l) ^ "^ ^ 2n+l " 
^^ '''^ 2^n+l» ^^2n+2^* ^® distinguish the two cases : 
(i) Suppose \J^^ + U2jj^ :^j. 0 for n = 0,1,2, 
Then on u s ing i n e q u a l i t y ( 2 ) , we have 
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"2n * "2n+l 
80 that 
The positive root K of the quadratic equation t + (l-a-c)t-c « ( 
is 9 1/2 [{(1-a-c)^ ^ /K;} - (l»a-c)3 
K « " " • — « _ _ _ — — _ ^ — _ — — — ^ — — — — 
2 
and s i n c e a+2c < 2 , i t fo l lows t h a t K < 1 . Thus 
"2n+l ^ ^ "2n ^ ^^"^^ " o ' ^^^ " " 0 , 1 , 2 , 3 , 
I t fo l lows t h a t t h e sequence 
(^) {SXQ, T X ^ , S X 2 , . . . . TX2JJ_;J^, SX2JJ, TX2JJ^-^ } 
is a Cauchy sequence in the complete metric space (X,d) and 
so gets a limit point z in X. Hence the sequences {SXp } = 
{JX2JJ^JL} and {Tx ^^^} =. {^^2n+2^ which are subsequences of 
(^), also converge to the point z. 
Let us now suppose that I is continuous so that the 
p 
sequences {I x^^} and {18X2^ }^ converge to the same point Iz. 
Since S and I are weakly commuting, we have 
d(SIX2„. ISX2„) <d(IX2„, SX2^) 
and so the sequence {SIX2 } also converges to the point Iz. 
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We now have 
r2 
ad(I'^X2„.SIX2„) d(Jx2„^^,Tx2„^p 
d(SIX2^,Tx2„^l _ ^ 
d ( I % ^ , S I X 2 „ ) 4 d(Jx2„^^,Tx2„^l) 
> c d ( l % „ . J X 2 „ ^ l ) 
liich on l e t t i n g n -» <* reduces to 
d ( l 2 , z ) <^  c d ( l z , z ) , 
con t rad ic t ion . Hence Iz « z. Further 
ad(Iz ,Sz) d(Jx2„^^.TX2^^^) 
+bd(lz,Tx^ , ) d(JXp , ,Sz) 
d(Sz,TX2n^l) < ^^^ ^^^ > cd( lz ,Jx2^^^) 
d ( l z ,Sz ) + d(Jx2^^^,Tx2„^^) 
hich on making n tend to infinity gives d(Sz,z) = 0 and hence 
z s z. 
Since z is in the range of S and S(X) C. J(X) there 
Lways exists a point z such that Jz » z. Thus 
d(z,Tz' ) = d(Sz,Tz' ) 
ad(Iz,Sz) d(Jz' ,Tz' )+bd(lz,Tz^ )d(Jz^ ,Sz) 
d(Iz,Sz) + d(Jz',Tz' ) 
» 0, giving thereby Tz' = z. 
Since T and J weakly commute 
d(Tz,Jz) = d(TJz' ,jrz' ) 
< d(Jz' ,Tz' ) = d(z.z) = 0 ^  
/ 
777—7~: 7;—7—7" +cd(lz,Jz) 
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which gives Tz = Jz and so 
d(z,Tz) » d(Sz,Tz) 
ad(Iz,Sz)d(Jz,Tz) +bd(Iz,Tz)d(Jz,Sz) 
+ cd(lz,Jz) 
d(Iz,Sz) + d(Jz,Tz) 
- 0 
which implies that z » Tz = Jz. 
Thus we have proved that z is a common fixed point of 
S,T,I and J. 
Now suppose that S is continuous, so that the sequences 
{S^ Xpjj} and {SIXp } converge to the point Sz. Since S and I 
weakly comnute, it follows as earlier that the sequence {12x2^ }^ 
also converges to Sz. Thus 
ad(ISx2^,s2x2„) d(Jx^^^^^Tx^^^^L^ 
.(.2, Tx ^ < "^^^^^2n>'^^2n^l)^(J^2n.l>sSn) ^ 
d(lSX2^,S X2„)+d(Jx2„^^,TX2„^j^) 
' cd(ISx2„,Jx2^^^). 
Letting n - »•, we get 
d(Sz,z) « 0 giving thereby Sz » z. 
As S(X)C J(X) and Sz =• z, once again there exists a 
point z in X such that Jz' » z. Thus 
ad(ISx2^,s2x2^)d(Jz' ,Tz ) 
..c2 ^ ' X . +bd(ISx Tz' )d(Jz' ,s2x ) 
d(S'^X2„.Tz ) ^  ^ 2n_ ^ cd(ISx2„.Jz ) 
d(lSx2^.s2x2j^)+d(Jz' .Tz') 
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Letting n -* »», we have 
d(z,Tz') s 0 implying thereby Tz =« z. 
Since T and J weakly commute, it again follows as above 
that Tz » Jz. Further 
ad( IXgjj. SXg^) d( Jz, Tz) 
+bd(lx,„,Tz)d(Jz,SXj, ) 
d(Sx2j^,Tz) < -^ ^ ^ + cd (1x2^,Jz) . 
'i^^^2n»SV^^'^^'^^> 
Making n - «», we get 
d(z,Tz) » 0 giving thereby z » Tz = Jz. 
Since T(X)C I(X) and Tz « z there exists a point z' 
in X such that Iz'' • z. Thus 
d(Sz'',z) - d(Sz'',Tz) 
< 
ad(lz", Sz") d(Jz,Tz) + bd(lz'',Tz)d(Jz,Sz''') 
// „ // d(Iz', Sz') + dCJz.Tz) 
+ cd CIz »Jz) 
» 0, 
and so Sz'^  - z. 
Again since S and I weakly commute, we can have 
d(Sz,Iz) - dCSIz''', ISz") 1 d(lz\ Sz'') = 0, 
which yields that Sz » Iz » z. 
We thus have proved once again that z is a common fixed 
point of S,T,I and J. 
If the mapping T or J is continuous instead of S or I, 
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then the proof that z is a common fixed point of S,T,I and 
J is similar. 
To show that z is unique, let. w be a second fixed 
point of S and I, then 
d(w,z) a d(Sw,Tz) 
ad(Iw,Sw)d(Jz,Tz)+bd(lw,Tz)d(Jz,Sw) 
< . + cd(Iw,Jz) 
d(lw,Sw)+d(Jz,Tz) 
m o>giving thereby w » z. 
Similarly, it can be proved that z is a unique common 
fixed point of T and J. 
(ii) If Ugn + Ugn^j^ - 0 for some n, then U2^ = ^^^^2n*'^2n+l^ " ° 
®°^ "2n+l " ^^^^2n+l»^^2n+2^ " 0,giving thereby 
S^2n = J'^ 2n^ l = T^ 2nH.l = ^ 2^n^ .2 = Sx2„^2 ' =^  ' 
Now^we a s s e r t t h a t t he r e e x i s t s a point w such t h a t 
Sw = Iw « Jw a Tw = z , because i f Sw • Iw f z, then 
0 < d(Iw,z) = d(Sw.Tx2jj^l) 
ad(lw,Sw)d(TX2„^^,Jx2„^^)^bd(lw,Tx2^^^)d(jX2„^;^,Sw) 
- dUw,SwHdUx2„,i,Tx2„,,) ^ 
+ cd(lw,Jx2jj^ 3^ ) 
- 0, 
which yields that Sw « Iw = z. Similarly one can argue that 
Tw « Jw = z. 
 
 
 
 
 
  
 
 
 
26 
If any one of the maps I,J,S or T is continuouB then 
in the proceeding manners it can be argued that Iw - z is a 
common fixed point of S,T,I or J. The uniqueness of z can 
also be established on the similar lines as earlier. This 
completes the proof. 
Now we give the following example for the illustration 
of Theorem 2.2.1 which also indicates the degree of generality 
of our theorem over the theorem of Fisher [2^]. 
Example 2.2.2» Let X » {A,B,C,D} be a finite set of R^ with 
Euclidean metric d, where A » (0,0,0), B = (0,0,2), C = (0,i,0) 
and D » (0,0,7j^ ). Then clearly (X,d) is a complete metric space. 
Now define I,J,S and T on X as follows : 
SA => SB » SD » A, SC - C 
lA » IB = A, IC - B, ID =. C 
TA - TB - TC - A, TD - C 
JA = A, JB = JD = B, JC = C. 
Note that S(X) = {A,C}C {A,B,C} - J(X), 
and T(X) - (A,C}C {A,B,C} - l(X). 
Since SIA - A - ISA, SIB » A « ISB, 2 » d(SIC, ISC) 
<.d(lC,SC) -J5, 1 =- d(SID,ISD) <. d(lD,SD) - 1.whereas 
JTA = A » TJA, JTB - A - TJB, JTC » A » TJC, 1 - d(TJD, JTD) 
<, d(JD,TD) » J5, the pairs {S,I} and {T,J} are weakly commu-
ting. 
Further, a routine calculation shows that inequality 
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(2) holds with, for instance, a = ^  , ^ "^ \ siJ^d c =» ^. 
Therefore all the conditions of Theorem 2.2.1 are satisfied 
and A is a ixnique common fixed point of S,T,I and J. It can 
also be observed that A is a xjnique common fixed point of S,I 
and that of T and J. 
However^Theorem 2,2.1 is a genuine extension to the 
theorem of Fisher [2^ because if we take x = B « (0,0,2) 
and y a C « (0,1,0) then the condition d(Sx,Sy) <. kd(Ix,Jy) 
implies that 1 <, k which is a contradiction to the fact that 
0 <. k < 1. 
Example 2.2.3. In order to show that the conditions 
T(X)(C I(X) and S(X)C J(X) of Theorem 2.2.1 are necessary, 
we adopt the following example. 
Let X - {l,2,3f^} be a finite set with a metric given 
by d(l,3) = d(l,M = d(2,3) = d(2,^) = 1 and d(l,2) = d(3,U) = 2. 
Now define S,T,I and J on X as follows: 
SI - S2 - S3 - 2, S/+ - 3 
II = 12 = 13 = 1, I^ = 4 
Jl - J2 » J3 - 't, J^ » 1 
Tl = T2 - T3 = T4 - 2. 
A routine calculation shows that all the conditions, of 
Theorem 2.2.1 are satisfied with a+b > | except T(X) » {2}d {l, 
- I(X) and S(X) « {2,3}^ {l,^} - J(X). 
Note that S,I,T and J have no common fixed point. 
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Example 2.2.^. Let X - [0,l] be a metric space with Euclidean 
metric d and Tx » Sx - i , Ix - | and Jx - |. Note that 
T(X) - i g [0, |] = I(X) and S(X) - ^  £[0, ^] - J(X). 
Since d(Sx,Ty) » 0 for all x,y in X, then all the con-
ditions of Theorem 2.2.1 is satisfied except the weak commuta-
tivity becatise 
d(SIx,ISx) - I > J - I - d(Sx,Ix) 
for all T < X < f / whereas 
d(TJx, JTx) » I > I - I = d(Jx,Tx) 
for all T < X <^  1. But S,I,T and J have no common fixed point. 
Thus the condition of weak commutativity is a necessary condi-
tion in Theorem 2.2.1. 
Remark 1. Assuming J as identity mapping and c » 0 in our 
Theorem 2.2.1, we get theorem 1 of Diviccaro-Sessa-Fisher 
[20]. Note that by setting J as identity mapping in Theorem 
2.2.1, we get an improved version of Theorem 1 of [20] which 
reduces to Theorem 1 of [20J when c « 0. 
Remark 2. If we choose a = b = 0 in Theorem 2.2.1, then we 
get an improved form of the theorem of Fisher [2^] for two 
pairs of weakly commuting mappings. Note that the theorem 
of Fisher [2^ involves only a tried of commuting mappings 
out of which two are required to be continuous. Here, Theorem 
2.2.1 ensures that the continuity of any of these maps will 
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serve the purpose. 
Remark 3. By Betting I - J - identity on X and c - 0, we get 
Theorem 4 of Jaggi [50] (or Corollary 1 of [20]). Note that 
here, the uniqueness of fixed point is not guaranteed without 
the extra condition d(Sx,Ty) - 0 if d(x,Sx)+d(y,Ty) = 0 for 
all x,y in X. For Justification one is referred to the 
example of [23]. 
Remark 4. Assuming I - J =» S « T and c » 0 in Theorem 2.2.1, 
we get Corollary 2 of [20]. 
Remark 3. Theorem 2.2.1 ensures that I,S,T and J have a 
unique fixed point but these maps may have other fixed points 
also. Indeed, in Example 2.2.2, S and J have two and thre^ ^ 
fixed points respectively. 
Remark 6. The proof of Theorem 2.2.1 reveals that if condi-
tion (2 ) is excluded from Theorem 2.2.1, then z is a coinci-
dence point of S,T,I and J. 
Finally as an extension of Theorem 2 of [20], we prove 
the following. 
Theorem 2.2.3. Let S,I,T and J be four self-mappings of a 
complete metric space (X,d) such that for all x,y in X either 
the inequeaity (2), with c =. 0, holds if d (lx,Sx) + d(Jy,Ty)^ 
where 0 <, a <_ 1 and b :>, 0 or condition (2 ) holds. If 
S{y-) C, J(X) and T(X) Q I ( X ) , and I commute with T and J 
commute with S. Then S,T,I and J have a unique common fixed 
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point z. Further SJ and TI are identical constant mapping 
i.e. SJx « TIx a z for all x e X. 
Proof. Let U2n+1 '*' ^ ^^ "2n "^  ° **^ ®" using inequality (2) 
with restriction c - 0 gives 0 < U2„ < (a-1) U2J^_]L ^^^^^ ^ ^ 
a contradiction as a <^  1, Thiis only condition (2 ) is satis-
fied and hence by Theorem 2.2.1, with c « 0, we conclude that 
S,T,I and J have a unique common fixed point. 
Now suppose that SJx f TIx for some x in X. Then by 
using inequality (2), with c « 0, we have 
ad(lTx,STx)d(JIx,TIx)-»-bd(lTx,TIx)d(JIx,STx) 
d(Srx,TIx) < 
dC IT5t,STx)+d( JIx, TIx) 
Since a <, 1 and I commutes with T, it follows that 
0 < d(STx,TIx) <. (a-1) d(JIx,TIx) < 0, 
a contradiction. Hence STx - TIx for all x in X i.e. ST » TI. 
Similarly uising the commutativity of J with S we can 
prove that TS = SJ. 
Thus we have 
d(ITx,STx) + d(JSy,TSy) =» 0 for all x,y in X 
and since condition (2 ) holds, we have d(STx,TSy) - 0 for 
all x,y in X. Hence ST and TS are identical constant mappings 
i.e. ST = TS and therefore TI =» SJ. This completes the proof. 
Remark 7. By setting I - J, our Theorem 2.2.5 reduces to 
Theorem 2 of Diviccaro-Sessa-Fisher [20]. 
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Remark 8. If I = J = identity mapping on X, then Theorem 2.2.5 
becomes Theorem 2 of Fisher [23]. 
Remark 9. Example 5 of [20] can be easily manupulated to 
show that Theorem 2.2.1 and 2.2.5 is false if a >. 2. For this, 
we add J to be identity mapping in Example 3 of [20] and observe 
that the inequality (2) holds for any a >. 2 and b > 0 but S,T,I 
and J have no common fixed point, 
2.3. A RESULT FOR DENSIFYING MAPPINGS 
In this section, we have studied a fixed point result 
for a pair of densifying mappings satisfying a generalized con-
traction condition. An iILu5?trative example i*^  also given. For defi-
nitions and notations used one may refer to Section 1.9. 
Now, we prove the following result. 
Theorem 2.3.1« Let S,T be two continuous densifying mappings 
of a bounded complete metric space (X,d) into itself. Let 
F : X X X — > [O, o.) be a real valued lower semi-continuous 
function. If for every x,y in X with x 4 Sx, y + Ty, 
(1) F(Sx,Ty) < [F(x,Sx)]^ > [F(y,Ty)1^ ^ p (^ y^j ^ 
F(x,Sx)+F(y,Ty) 
(2) if F(x,Sx) + F(y,Ty) ^ 0, where a,p > 0, a+p <^  1 
or 
F(Sx,Ty) = 0 if F(x,Sx) + F(y,Ty) « 0 . 
If the sequence {x^} defined by Sx^^ - x^^^^, Tx^^^^ - x^^^^ 
for n = 0,1,2, .... is bounded, then either S or T has a fixed 
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point z. Further i f z i s a common fixed point of S and T 
then i t i s t h e unique comraon fixed poin t of S and T. 
Proof. Consider the s e t 
A - U {Xgjj} then 
nso 
oe 
TS(A) . U (Xpn^p^ 
n«o 
whence obviously TSCA) C A. The continuity of S and T now 
implies that TS( A) C TS(A) c X. 
We shall now prove that A is compact. To do this, it 
is sufficient to show that a(A) • 0. Since X is complete. 
Suppose a(A) > 0. Then A « {x^ }\J TS (A) implies that 
a(A) = a({x^}UTS (A)) 
= max (a{xQ}, atS (A)} 
» a(TS(A)) < a(A) 
which is inadmissible. Hence a(A) - 0» it follows that A is 
precompact and so X is compact. 
Now define a real valued function f on X by 
f(x) » F(x,Sx), for all x e A. 
Then F is lower semicontinuous function on the compact metric 
space A and so there exists a z in X such that 
f(z) = inf {f(x) : X e A}. 
Now suppose that Sz jt z, TSz ^ Sz. Then 
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f(TSz) - F(TSz, STSz) 
[F(Sz,TS2)]^+ F[TSz,STSz]^ 
< a + p(Sz,TSz) 
[F(Sz,TSz)] + F[TSz,STSz] 
80 t h a t 
(1-a) [F(TSz,STSz)j2 + ( l -P ) F C S Z , T S Z ) . F ( T S Z , S T S Z ) 
- (oc+P) [ F ( S Z , T S Z ) ] ^ < 0. 
The p o s i t i v e root k of the equation ( l - a ) t + ( l - P ) t - (a+p) = 0 
i s [{(a-p)2 + 4(a+p) ( l - a ) } ^ / 2 - ( l - p ) J / ( 2 - 2 a ) . Since a+p < 1, 
i t follows t h a t k < 1. Thus 
F(TSz,STSz) < kF (Sz,TSz) 
< k2F(z,Sz) - f (z) 
which contradicts the minimality of f(z). It follows that 
either Sz » z in which case z is a fixed point of S, or 
TSz = Sz in which case z = Sz is the fixed point of T. 
We now suppose that if z is the fixed point of S and 
T then it is a unique fixed point of S and T. To see this 
let w be another fixed point of S, then Sw ^  z and 
F(W,Z) - F(Sw,TSz) < k F(w,Sz) - k F(w,z), whicti is impossible. 
It follows that z is a unique fixed point of S. Similarly, it 
can be seen that z is a unique fixed point of T. This comple-
tes the proof. 
The following example shows that S and T do not nece-
ssarily have a common fixed point. 
Example 2.3.2. Let X « {x,y} and F = d, the discrete metric. 
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Define 
Sx » X, Sy » y, Tx » y, Ty = X . 
Then S and T satisfy the hypothesis of Theorem 2.3.1 but S 
has two fixed point and T has no fixed point. 
Remarks : 
( i ) For S = T and a = 0, we get the r e s u l t of Fur i -
Vignoli [ 31 ] . 
( i i ) For F = d the underlying met r ic , the hypothesis 
sequence (x } i s bounded can be omitted. 
( i i i ) I f p « 0, then a l so the above Theorem 2 .3 .1 seems to 
be a new r e s u l t . 
2.4.A COMMON FIXED POINT THEOREM IN L-SPACBS 
After a carefu l examination, i t i s found t h a t the 
Banach con t rac t ion p r i n c i p l e and severa l o ther fixed poin t 
theorems do not a c t u a l l y r equ i re a l l t he metric p r o p e r t i e s , 
p a r t i c u l a r l y the axion of t r i a n g u l a r i nequa l i ty in t h e i r 
proofs by the method of i t e r a t i o n . With t h i s in mind, 
Kasahara [57,58] gave a very useful t reatment of the fixed 
point theory by introducing the notion of L-spaces. In t h i s 
s ec t ion , we have es tab l i shed a r e s u l t In L-space55 sa t i s fy ing 
the r a t i o n a l i nequa l i t y due t o Fisher [23 ] . For d e f i n i t i o n s 
and nota t ions used one can go through Sect ion 1.7. 
Now, we prove the following r e s u l t . 
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n 2 . ^ . 1 . Let F,G and T be continuous s e l f mappings of 
rated L-space (X, —>) such t h a t FT = TF, GT « TO and 
ICC TX. Suppose X i s d-complete for some sani -met r ic 
sa t i s fy ing the inequa l i ty ; 
d(Fx,Gy) ^ ad(Tx,Ty) + p(d(Tx,Fx) + d(Ty,Gy)) 
+ r min (d(Tx,Gy), d(Ty,Fx)) 
r,3,r a re non-negative r e a l s , a+2P+T < 1. 
Then F,G and T have a unique common fixed point. 
Let X be an arbitrary point in X and {x } be the 
se in X defined as 
^2n = '^2n+l' °^2n+l = ^""Zn^Z ^°^ " = °'^ '2 
or the inequality (1), we get 
d(Tx2^,Tx2„^^) < d(Gx2^^, Fx^^) 
^ «^(Tx2„,l»T^2n) ' 3(^(T^2n-l'G^2n.l) 
+ dCTx^^.Fx^j^)) + r min ^'^^'^^2x1-1*^21?* 
= ad(Tx2^_^,Tx2^)> ^Cd^x^^^^.Tx^^) 
+ d(Tx2^,Tx2^^^)) + r min (d(Tx2„_i,Tx2„^i) 
^(Tx2n,Tx2„)) 
ad(Tx2„_^.Tx2„) + H<ii'rx^^_^,Tx^^) 
.d(Tx Tx^ )) 
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so that 
where h - (a+|3)/(l-p). 
Similarly, we can show that 
d(TX2„^l,TX2^^2> ^ ^ ^^T^2n''r^2n>l)-
Combining the above two inequalities, we get 
< h^d (TX„_2,TX„_^) 
< h" d(Tx^,Tx^) . 
Hence, 
0. 1 
I dCTx^.Tx^^l) < ( ) d(Tx^.Tx^) < «• . 
n=o 1-h 
By d-completeness of X, the sequence {Tx } converges to some 
point z in X. So, the subsequences {Tx^ j^ } « 1^^2n-l^ ^^'^ 
{TX2 ,} » {^^2a} ^ ^ ° converge to the same point z in X. 
By the continuity of F and T, we have 
TCFX^JJ) — > Tz and F(TX2JJ) — > Fz . 
Since F and T are commuting, we have Tz = Fz. 
Similarly, we can show that Tz » Gz. Now 
FFz = FGz = FIz = TFz = TGz = GTz = GFz . 
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This means that F,G and T commute in. pair at z. Therefore 
d(Fz.FFz) « d(Fz,GFz) 
< ad(Tz,TF2) i- p(d(Tz.Fz) + d(TFz,GFz)) 
+ r.min (d(Tz,GFz), d(TFz,Fz)) 
• aaiTz,FFz) + p(d(FJB,Pa) + d(FFz,FFz)) 
+ r .min (d(Fz ,FFz) , d(Fz,FFz)) 
giving thereby 
d(Fz,FFz) < (a-fT) d(Fz,FF2) 
which is a contradiction. Therefore Fz « FFz, This means 
that u - Fz is a fixed point of F. It is easy to show that 
u is a fixed point of F,G and T. 
To show that u is unique, let w be another fixed point 
of F,G and T. Then 
d(u,w) " d(Fu,Gw) 
<. ad(Tu,Tw) + p(d(Tu,Fu) + d(Tw,Gw)) 
+ r.min (d(Tu,Gw)» d(Tw,Fu)J 
« (a+r) d(u,w). 
Hence u = w. This completes the proof. 
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CHAPTER - I I I 
CX)MMON FIXED POINT THEOREMS IN BANACH SPACES 
3.1.INTRODUCTION 
There e x i s t s an extensive l i t e r a t u r e on common fixed 
po in t s in metr ic and uniformly convex Banach spaces sa t i s fy ing 
various functional i n e q u a l i t i e s which can be found in a s e r -
i e s of papers such as Husain-Sehgal [^2] , I s^k i [^5] , Singh-
Meade [96] e t c . Bose [6] attempted t o improve c e r t a i n ex i s -
t i n g r e s u l t s by taking the domain a closed convex subset of 
uniformly convex Banach space, whereas Prasad [83] and Sahani-
Bose [92] extended t h e r e s u l t of Bose [6] by re lax ing the con-
d i t i o n of convexity from the domain. 
In the f i r s t s ec t ion of the chapter we present yet 
another extension of the r e s u l t s of Som [102] which in turn 
genera l izes severa l previously known r e s u l t s due t o Prasad [83 ] , 
Bose [ 6 ] , Sahani-Bose [92] and Som [102] . 
Section-2 i s devoted to some common fixed point theorems 
for non-sel f mappings which were proved while genera l i z ing a 
r e s u l t of Rhoades [87 ] . In process r e s u l t s of Assad [ 3 ] , 
Assad-Kirk [k] a re general ized and improved. While proving 
our r e s u l t s we employ weak commutativity condi t ions due to 
Hadzic-Gajic [38] and Jungck [ 5 3 ] , 
The f ina l sec t ion of t h i s chapter presents a common 
fixed poin t theorem for a general ized T-nonexpansive, non-
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se l f mapping employing the notion of s tarshaped subset due t o 
Dotson [21 ] . 
3.2.ON COM^ PN FIXED POINT OF ASYMPTOTICALLY COMMUTING MAPPINGS 
In t h i s s ec t i on we present two fixed point r e s u l t s for 
four mappings in uniformly convex Banach spaces. In order to 
prove our theorems we need the following lemma of G o e b e l - e t a l -
[36 ] . 
Lemma 3 . 2 . 1 . Let X be a uniformly convex Banach space and 
B^ the closed b a l l in X centred a t the o r ig in with radius 
r > 0. I f Xj^ , x^, X, e B^, s a t i s fy ing the condit ions 
\\\-^2^\ > I IV"" l ' ^ ' * > ° ^"^ I|x2ll> ( 1 - I 6 ( 7 ) ) r , 
then 
lUi-XjII < T l ( l - | f i ( f )) l lx^-x^ l l . 
Theorem 3 .2 .2 . Let X be a uniformly convex Banach space and 
K a non-empty closed subset of X. Let {S,I} and {T,J} be two 
asymptot ical ly commuting pa i r s of self-mapping? of K such tha t 
for a l l x,y i n K, 
(1) l | l x - J y | | | |Sx-Ty| | < (^ (II Ix-Jy | | | | l x - S x | | J | Ix-Jy | | | | Jy-Ty || 
| | Ix-Sx| ( | | Jy -Ty | | , | | l x - T y | | | | l x - S x | | , J | Jy-Sx| | | | Jy-Ty | | ) 
where ()) e H^, and for a l l t > 0, 
( i ) C | ) ( t , t , t , a t ,0 ) < p t , ( | ) ( t , t , t , 0 , a t ) < pt 
where P » i for a » 2 and p < 1 for a < 2, 
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(ii) (j) (0,0,0,0.0) = 0 , 
(iii) S,T,I and J are continuous and S(K)C J(K) , T(K) S I(K), 
Then 
(a) S,T,I and J have a unique common fixed point z in K, 
(b) for any x e K, the sequence generated by 
S^2n = ^""Zn^r ^^2n*l = ^ ^2n+2^°^ "" = 0'^»2, ... 
converges strongly to z. 
Proof. Let x be an arbitrary point in K. As S(K)C J(K), 
" • • O 
we can choose a p o i n t x^ in K euch t h a t Sx = J x , . ALso^ s i n c e 
T ( K ) C I ( K ) , we can choose a p o i n t Xp i n K such t h a t Tx, « IXp. 
In t h i s way, we choose x-^^, ^^^pn+l' ^2n+2 ^^^^ t h a t 
^""Zn ' "^^2n+l^"^ '^^2n*l ' ^^2n+2 ^ ° ^ " " 0 ' ^ ' 2 , . . . 
Thus we g e t t h e sequence 
vfc/ t o * 1 • SXp, . . . . •'••'^ Pn—1 * 2n* ?n+l * • • • • / • 
I f we pu t d^^ = | |SX2^- Tx^^^^ll and 
^2n+l 'H'^^2n+1 " ^^2n+2 ' l* ^^^^ "^^"^ i n e q u a l i t y ( 1 ) , we g e t 
(3) 
r ^ 2 n - l ^2n ^ ^ ^ 4 n - l ' ^2n-1^2n ' ^ 2 n - l ^2n ' ( ^ 2 n - l * ^ 2 n ) ^ r ° ) ^ 
^ '^2n ^2n+l i ^ ^^2n ' i2n+l ' ^2n ' ^2n ^2n+l ' ° ' (^2n*^2n+l)^2n> • 
Suppose fo r some n, d^^^j^ > d^ ^^  > d2^_-j^. Then 
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^2n-l* ^2n = « ^2n ^ ^^^ ^ '^^ ^ 1 < a < 2 and d2„f d2„^i=ad2^^1 
with some 1 < a' < 2. Since (j) is non-decreasing in each coor-
dinate variables, 
^2n-1^2n ^ ^^^2n-1^2n''i2n-1^2n'^2n-1^2n'°'^2n.l^2n' ^^ . 
(^) 
^2n^2n+l ^ ^^^2n^2n+l'^2n^2nfl'^2n^2n+l»^' «^2n^2n+l)-
In both the cases , we have 
2n- l ^2n i P d2n-l ^2n' | < P < V. d 
^2n^2n.l i M a n d 2 n . r | < P < 1> 
which a re con t r ad i c t i ons . Therefore, dp^^ j^^  ^ d^ ^^  < dp^j^-, , for 
n a l , 2 , • • • . 
Suppose^ flirt her t ha t l im d^ » lim d„ , « d >^  0. 
We claim t h a t d » 0. I f no t , suppose d > 0. Without loss of 
g e n e r a l i t y we can assume t h a t 0 e K and 0 < r = sup {d_ }. 
Let Y e R be chosen in such a way t h a t 7 < y and 
"T* 
r ( l - I 6 ( I )) < / . We can find a sequence {l^^K i - 0 , 1 , 2 , . . . 
of p o s i t i v e in t ege r s such t h a t for j e f H i } ^ 
^2) > -y ( 1 - I * ( f ) ) while for n^  > 7|^, d^^^ T . 
Since d g ^ _i >. ^2T|j - ^ > ^ ^^^ every i = 0,1,2 I t follows 
from Lemma 3.2.1 t h a t for any J e {1 ,^4 }^  
||SX2._2-Sx2j|| < l |Sx2j_2-TX2j_i lM|Tx2.,^.SX2j | | 
< U ( 1 - | * ( 7 ) ) " S ^ 2 j - 2 - ^ ^ 2 d - l ' 
C5) < ^ ( < ) ^2^.1 - - 1 d 2 . _ , . 
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where a, ='H(~) < 2 because of uniform convexity. Then we 
have from ( 3 ) , CM and (5) tha t 
" a^j-Aj i* ^4j.r 4j-i' 4j-i' "'i 4j-i' ^)' 
(6) < 
Thus in either case d . <^  {3^  ^ 2i-I ^"^ ^21+1 - ^ 1*^ 21 
for some p, < 1. 
We observe t h a t P-, i s independent of j and s o , as J —> <*, 
we have d <_ P-,d, a con t rad ic t ion , implying d » 0. 
I t follows t he r e fo re , as proved in [^2] t h a t the sequence 
(2) i s a Cauchy sequence. But KIs a closed subset of X, the 
sequence (2) converges t o a point z in K. Hence t he sequences 
{Sx2yj} « (^^2n+l^ ^"^ ^'^^2n-l^ * ^•^^2n^ which are subsequences 
of (2) a l so converge to the point z. 
Since lim {Sx, } » lira {lx„„} = z and {S,l} i s asympto-
t i c a l l y commuting, we have 
(7) lim l|SIX2„ - ISx^^ll - 0 
and the con t inu i ty of S and I implies t h a t Sz = I z . Now, 
using i nequa l i t y ( l ) , we have 
" l ^ - J^2n+ l l l i |Sz-Tx2„^J | < ()) ( I | l z - J x 2 ^ , i | | | | l z - S z | | , 
' | I - - J ^ 2 n ^ l l l l | J^2n^ l -Tx2„ , i l | . | | l z - S z j | 11 Jx2„^i-Tx2„^J | , 
I | lz-Tx2^^ll l n i z - S z | | , | | j X 2 „ , ^ - S z j | I | JX2^ ,1-TX2„,J | ) 
 
 
 
 
 
  
 
 
 
h5 
which on l e t t i n g n - «> reduces t o 
| | l z - z | | | | S z - z | | <()) (0»0,0 ,0 ,0) - 0 , 
giving thereby e i t h e r Iz » z or Sz « z . Thus in e i t h e r case 
Sz » Iz » z . 
In the same way, i t can be proved t h a t Tz » Jz « z. 
Thus we have proved t h a t z - Sz - Iz « Tz « J z , so z i s a 
common fixed poin t of S , I ,T and J . 
The uniqueness of z can be ea s i l y shown by using ineq-
u a l i t y ( 1 ) . This completes the proof. 
Next, we s t a t e t he following theorem which genera l izes 
t he r e s u l t s due to Prasad [83j and Theorem 3 of Som [102] . 
Theorem 3 . 2 . 3 . Let X be a uniformly convex Banach space and 
K a non-empty closed subset of X. Let (S,I} and {T,J} be two 
asymptot ical ly commuting p a i r s of self-mappings of K such t h a t 
for a l l x ,y e K, 
(8) l |Sx-Ty| |2 < (j) ( ) | l x - J y | | | | l x - S x | j , | | l x - J y | | |) Jy-Ty| | , 
l lx -Sx j | | | j y -Ty | | , | | I x - T y | | | | l x -Sx | | , 11 Jy-Sx | | | i J y - T y | | ) 
where (jl e IL and for a l l t > 0, 
( i ) (|) ( t , t , t , a t , 0 ) <, p t and ( ) ) ( t , t , t , 0 , a t ) £ p t where 
p =. 1 for a = 2 and P < 1 for a < 2, 
(ii) (|)(0,0,0,0,0) =« 0, 
(iii) I and J are continuous S(K)C J(K) and T ( K ) C I(K). 
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Then 
(a) S,T,I and J have a unique common fixed point z in K and 
(b) for any x e K,the sequence generated by 
S^2n = J^2n+1' T^2n+1 ' ^'^Znn-a' " = ° ' ^ » 2 . . . . 
converges s t rongly t o z. 
Proof. I t may be completed on the l i n e s of the proof of 
Theorem 3 .2 .2 . 
The following theorem a l so genera l izes the r e s u l t s of 
Som [102] and Prasad [83 ] . 
Theorem 3 . 2 . ^ . Let X be a uniformly convex Banach space and 
K a non-empty closed subset of X. Let S,T,I and J be four 
self-mappings of K such t h a t for a l l x,y e K, 
(10) | |Sx-Ty | |2 < (|) ( | | I x - S x | | I | J y - T y | | , I | I x - T y | | | | J y - S x | l , 
| | I x - S x | | l | lx-Ty| | , | j Jy-Sx | | l | J y -Ty | | ) 
where (j) e H^ and for a l l t > 0, 
( i ) ( | ) ( t ,0 ,a t ,0) i p t , (l)Ct.0,0,at) <. p t 
where p = 1 for a = 2 and p < 1 for a < 2, 
( i i ) ()) ( 0 , t , 0 , 0 ) < t , ()) ( 0 , 0 , 0 , 0 ) - 0, 
( i i i ) S(K)C J(K) , T(K)C I (K) , 
( i v ) I i s continuous, {S,I} i s asymptot ical ly commuting and 
{T,J} i s weakly commuting p a i r in K or J i s continuous, {T,J} 
i s asymptot ica l ly commuting and {S,I} i s weakly commuting p a i r 
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i n K. Then 
( a ) S , T , I and J have a unique conunon f ixed p o i n t z i n K. 
(b ) fo r any x e K t h e sequence g e n e r a t e d by 
S^2n = -J^an^l ' T^2n+1 = ^^2n ' " ' O ' ^ ' ^ , . . . 
converges s t r o n g l y t o z . 
Proof . I t may be completed on t h e l i n e s of proof of Theorem 
3 . 2 . 2 . 
F i n a l l y , we f u r n i s h some examples t o d i s cuFs t h e v a l i -
d i t y of t h e hypotheses of fo rego ing theo rems . 
Example 3 . 2 . ^ . Let X - R w i t h u s u a l norm and K » {A,B,C,D} 
where A = ( 0 , 0 ) , B = ( 0 , 2 ) , C = ( 1 , 0 ) and D = ( 0 , j - ) . Then 
c l e a r l y X i s a un i formly convex Banach space and K a c l o s e d 
s u b s e t of X. 
Now, d e f i n e S , T , I and J on K as f o l l o w s ; 
SA ^ SB = SD = A, SC =• C 
lA - IB = A, IC » B, ID » C 
TA » TB =• TC = A, TD = C 
JA - A, JB » JD = B, JC » C. 
Note t h a t S(K) = {A,C}C {A,B,C} - J ( K ) and T(K) = 
{A,C}C {A,B,C} = I ( K ) . 
S ince SIA =. A =. ISA, SIB = A » ISB, 
2 = d(SIC, ISC) <. d ( l C , SC) = J 5 , 1 = d(SID, ISD) 
<, d ( l D , SD) a 1 whereas JTA = A =» TJA, JTB =• A 
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= TJB, JTC » A = TJC, 
1 - d(TJD,JTD) <. d(JD,TD) - N/J, 
the p a i r s {S,l} and {T,J} a re weakly coninuting and hence 
asymptot ical ly commuting. 
If v<e s e t (J) (t-j^. t2» t ^ . t ^ . t^) « J^ ( t ^ + t ^ ) . 
then a routine calculation shows that all the conditionsof 
Theorem 3.2.2 are satisfied and A is the unique common fixed 
point of S,I,T and J. One can note that either S or I or T 
or J may have other fixed points. However, in this example 
S has two fixed points A and B whereas J has three fixed 
points A,B and C. 
Example 3.2.6, Example 2 of Som [102] can be extended to 
satisfy Theorem 3.2.2. Let X » K » [0,1J and define 
2 2 
S,T,I,J : K — > K as Sx - ^  , Tx - ^  , Jx » I and Ix » ^  . 
Let ()> (t-j^,t2, t ^ , t ^ , t^ ) = ^ (tj^+ t2+ t j+ t^+ t ^ ) . 
Then above functions s a t i s f y condi t ion (8) for a l l x ,y in 
[0 ,1] but f a i l s t o s a t i s f y condi t ion ( l ) a t x = l , y = 0 . 
Clearly 0 i s the linique common fixed po in t of S , I ,T and J . 
Example 3 .2 .7 . Let K » [ 0 , l ] and S , T , I , J : K—> K be defined 
2 2 
as Sx = ^ , Tx = ^ , Jx o I and Ix » ^ . I f we s e t 
(Kt . j^»t2, t , , t^) • 2j ( t^+ t g * t , + t ^ ) , then the above functions 
s a t i s f y the condi t ion (10) for a l l x ,y e [ p , l ] . d e a r l y 0 
i s t he unique common fixed po in t . 
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Remark. It may be observed that Theorem 3.2.4 also holds if 
Cf 
condition (iv) is replaced by I and J are continuous and 
{S,I} and {T,J} are asymptotically commuting pairs on K". 
5.5. AN EXTENSION OF A THEOREM OF RHOADES 
In this section we prove some fixed point theorems 
for a pair of non-self mappings in Banach spaces employing 
weak conditions of commutativity. 
The following definition and result are borrowed from 
Assad-Kirk [4]. 
Definition 5»5.1. Let (X,d) be a metric space,it is said to 
be metrically convex if X has the property that for each 
x,y e X with x :<= y there exists z e X , x 4 z 4 y such that 
d(x,z) + d(z,y) - d(x,y) 
We s h a l l use the following lemma frequent ly . 
Lemma 3.3«2. If K i s a closed subset of the complete and 
convex metr ic space X and i f x e K, y ( K then the re e x i s t s 
a point z e ^K ( t h e boundary of K) such t h a t d(x ,z) + d(z ,y) •. 
d ( x , y ) . 
I t i s well known t h a t every Banach space i s a me t r i -
c a l l y convex metr ic space. 
on the l i n e s of Hadzic-Gajic [38] and Hadzic [37] we 
may have the following. 
Def in i t ion 3 . 3 . ^ . Let K be a non-empty subset of a metric 
space (X,d) and F , T : K —> X. The p a i r { F , T } i s sa id t o be 
 
 
 
 
 
  
 
 
 
U8 
weakly commuting i f f o r each x ,y e K such t h a t x « Fy and 
Ty e K, we have 
d(Tx,FTy) ^ d ( T y , F y ) . 
For K « X, t h i s d e f i n i t i o n reduces t o t h a t of Ses sa [ 9 5 ] . 
D e f i n i t i o n 5 . 3 , 4 . Let K be a non-empty s u b s e t of a m e t r i c 
space (X,d) and F,T : K —> X. The p a i r { F , T } i s s a i d t o be 
compa t ib l e i f f o r every sequence (x } from K and from t h e 
r e l a t i o n 
lira d(Tx^,Fx^) =- 0 and Tx^ e K^n e N , i t fo l lows t h a t 
n-wo 
l im d(Ty .FTy^j) - 0^ 
n-«o« 
for every sequence {y^} from K such that y^ = Fx^, n e N. 
For K = X, this definition reduces to that of Jungck [53]. 
The following theorem is proved by Rhoades [87]. 
Theorem j.3.5. Let X be a Banach space, K a non-empty closed 
subset of X and T : K —> X satisfying the conditions 
d(Tx,Ty) <_ h max (d(x,y)/2, d(x,Tx), d(y,Ty), 
[d(x.Ty) + d(y.Tx)]/q) 
for each x,yeK, 0 < h < l and q >. 1 + 2h and 
(a) for each x e M , Tx e K. 
Then T has a unique fixed point in K. 
We define as follows: 
Definition 3.3.6. Let X be a linear space and K a non-empty 
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subset of X, if F,T : K —> X satisfy the condition 
(1) d(Fx,Fy) i h max Cd(Tx,Ty)/2, dCTx,Fx), d(Ty,Fy), 
[d(Tx,Fy) + d(Ty,Fx)]/q) 
for ail x,y e K, 0 < h < 1, q :^  1 + 2h. 
We c a l l a function F sa t i s fy ing condi t ion (1) as genera l ized-
T-con t rac t ive . I f h =« 1, then F i s sa id to be general ized 
T-nonexpansi^^. 
Now we prove the following: 
Theorem 3 .3 .7 . Let X be a Banach space, K a non-empty closed 
subset of X. Let F,T : K —> X be such t h a t F i s general ized 
T-cont rac t ive s a t i s fy ing the cond i t ions . 
( i ) -bKC, TK, FKC TK, 
( i i ) Tx e "5K=> Fx e K, 
(iii) F and T are weakly commuting, 
(iv) T is continuous on K. 
Then there exists a unique common fixed point z in K 
such that z • Tz • Fz. 
Proof. We construct the sequences {x } and {y } in the 
following way. 
Let X e bK, then there exists a point x^ in K such that 
X = Tx^ as dKQ TK. From Tx^ e dK and the implication 
Tx e 6 K = ^ FX e K, we conclude that Fx e K O F K Q TK. Let 
x^  e K be such that y^ =. Tx^ = Fx^ e K. Let y^ . Fx Suppose 
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y e K, then y ,^ e K PI FKC TK.which implies t h a t t he r e e x i s t s 
a point Xp e K such t h a t yg - 1r^2; Suppose ^^^ 4 K^then there 
e x i s t s a poin t p e dK such t h a t 
d(Tx^,p) + ci(p»y2) » d(Tx-j^,y2). 
Since p e ^ KC TK^there exists a point r.^ e K such that 
p a TXp and so 
d(Tx^, Txg) + d(TX2,y2) - d(TXj^ ,y2) • 
Let y^  = FXp. Thus repeating the foregoing arguments we obtain 
two sequences {x } and {y^ } such that 
(II) /n ^  '^  ^ ^ ^n " "^ n^ . °^ 
(III) y^ 4 K =» Tx^ e 6K and 
^^T^n-1'T^n) * d^Tx^'^n) ' ^ ^'^^n-rV* 
We denote 
P » (Tx^  e (Tx^ l : Tx^ » y^} ^  
Q - {Tx^  e {Tx^ } : Tx^ ^ f y^ } . 
Obviously the two consecutive terms of {Tx } can not lie in Q. 
* n 
We have the following three cases : 
Case \. If Tx^, ^ x^ -^i ^  P» then 
d(Tx , Tx ,) » d(y . V ,) 
^ n» n+1' •^^ n'J'n+1' 
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= ci(Fx„_^.Fx„) 
< h max (d(Tx^.j^,Tx^)/2, d(Tx^^TL'^n-l^' 
d(Tx„.FXjj).[(i(Tx^^3^.Fx„) + d(Tx^,Fx^_;^ J/q) 
» h max (d(Tx^_l»TXjj)/2.d(Tx^^^,Tx^), 
< h d(TXj^_3^,Tx^) . 
Case II. If Tx^ e P, Tx^^^ e Q, then 
ci(Tx„,Tx^^l) < d(Tx„,Tx^^l) + ci(Tx^^l,y„^^) 
=d(Fx^^^,Fx^) 
< h d(Tx^_^,Tx^) 
by case-I. 
Case III. If Tx^ e Q, Tx^^^ e P, it impliea that Tx^ ^^ ^^ e P. 
Since Tx„ is a convex linear combination of Tx , and y , it 
n n—1 "^  n 
follows that 
d(Tx„,Tx„^^) < max (d(Tx^^i,Tx^^-L) ,d(y„,Tx^^^)). 
(a) If d(Tx^_3^,Tx^^^) < d(y^,Tx^^3^), then 
^(Tx„,Tx„^l) < d(y„,Tx^^^) 
= d(Fx^_^, Fx^) 
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< h max (d(Tx^^j^,Tx^)/2. d(Tx^_^,Fx^_^)^ 
d(Tx^,Fx„),[d(Tx^_,^.Fx^)+d(Tx„,Fx^^^)]/q) 
- hmax (d(Tx^_^,Tx^)/2, d(Tx^_^,y^), 
d(Tx^,Tx^^^),[d(Tx^_,^,Tx^^^)+d(Tx„,y^)]/q) 
- h max (d(Tx^.i,y„),[d(Tx^__^,Tx^^^)+d(Tx^,y^)]/q) 
We note that 
^^^^n-l'Tx„^l) > d(Tx^,y^) < d(Tx^_^,Tx^) + d(Tx^,Tx^^^) 
* d(Tx„.y„) < d(Tx^_^,y^) + d(Tx^,Tx^^^) 
so that 
by Case-II. 
(b) If d(y^,Tx^^^) < d(Tx^_^,Tx^^^) then we have 
^^^^n'T^n.l) i^(Tx^-l'Tx„^l) 
- d(Fx„_2,Fx^) 
< h max (d(Tx„_2'Tx^)/2, 
[d(Tx^_2,Fx^) * d(Tx^.Fx^_2)]/q) 
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(2) < h max (d(Tx^^2»'^V/^' ^^'^^n-2'^''n-l^' 
d(Tx„,Tx^^lX [dCTx„.2,Tx^^l) 
+ d(Tx^,Tx^_3^)]/q) » 
We again note that 
d(Tx^_2.Tx^)/2 < [d(Tx^.2'^^n-l) * d(Tx^_^,Tx^)]/2 
< max (d(Tx^ _2''^ '^ n-l^ » ^^ '^ n^-l'^ '^n^ ^ ' 
If the maximum of the r ight hand side of (2) is [d(Tx^_2'^^n+l^'^ 
d(Tx^,Tx^_^)]/q then i t follows tha t 
^^Tx^-l'T^n+l) 1 ^ td(Tx^.2''^^n.l) * ^^^x^-l '^^n^l) 
+ d(Tx^,Tx^^j^)]/q . 
So that 
[1 - | ] d(Tx„_^.Tx„^^) < I [d(Tx„.2,Tx^.^) . d(Tx„,Tx„.^)] 
i i [^(TV2'I^n- l '*M(fx„.2 .Tx„_^)] . 
Since <l(Tx„_j^ ,TXjj) < <HT^^^,y„) < hd ( T V 2 ' ' ' ^ V l ^ ">' "^^^ ^^' 
so that 
h( l th) 
Since 1+h £ q-h, i t follows that 
^(Tx^'Tx„a> l ^ d (T^n-2''^^n-l>-
Thus in a l l cases 
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ci(Tx„,Tx^^l) < h max (d(Tx^_2'^^n-l^ •^ ^^ n^-l''^ n^> ^  ' 
Now^let 
-1/2 
fi = h max (d(Tx^,TXjL), d(Tx^,TX2)) • 
We assert that for n >, 1 
W d(Tx^,Tx^^^) < h"/2 6 . 
In order to prove by induction, we establish the case for n =» 1,2. 
For n a 1 , 
d(Tx^,Tx2) < h d(TxQ,Tx-j^ ) < h(h^/^ 6) < h^^^ fi. 
For n = 2 , we use (^) and t a k e each case s e p a r a t e l y 
d(Tx2,Tx^) i h dCTx^.TXg) <. hCh"*"^ ^ fl) < h fl 
o r 
d(TX2,Tx^) < h d(Tx^,TXj^) <_ h{):?-^^ 6) < h 6 . 
Now, we assume (-^) ho lds f o r 1 ^ n ^ N and for n ^ 2 . 
Cons ider two c a s e s 
1 . d(TXj^^l,TXj^^2^< hd(TXj^,TXj,^^) 
< h [ h ^ / 2 d ] 
N+1 N+1 
< h 2 [ h l / 2 a] < h 2 " 6 . 
2 . d^TXj^+l'TXj^H-2) i ^ ^('T^N-l^'^N^ 
N-1 Nfl 
< h[h ^ 6j = h 2 a 
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Thus for n > N, 
d(Tx^,Tx„^p) < d(Tx„,Tx^^l> ^ ^ '^^ n^*l'^ n^+2> ^ " 
< [h + h 2 + + h "^  1 6 
2=1 
. 6 
so that {Tx } is a Cauchy sequence and hence converges to a 
point z in K. 
Now there exists a subsequence {Tx } of {Tx } such 
that {TxL } is contained in P. For convenience, we take 
{Tx } » i'^ n^^ * Since T is continuous {T Tx^} converges to 
Tz. 
To show that Tz » Fz, On using the weak commutativity 
of F and T, we have Tx^ = Fx^^^ and Tx^_^ e K, so 
d(TTx^. FTx^^l) < d(Fx„.i.Tx^l) 
- d ( T x ^ ' T x ^ - l ) • 
On l e t t i n g n -» oo^we g e t 
d(Tz,FTx^_^) —> 0 . 
Now c o n s i d e r 
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< d(TTXjj, FIx^^^) + h max (d(TTx^^^,Tz)/2, 
d(TTx^_j^,Frx^^3^), d(Tz,Fz), [d(TTx^_3^,Fz) • 
d(Tz,FTXjj_3^)]/q), 
which on letting n -* <*, gives 
d(Tz,Fz) < h d(Tz,Fz) 
giving thereby Tz » Fz. 
To show that Tz » z. Consider 
d(Tx^,Tz) = d(FXj^_^,Fz) 
<_ h max (d(Tx^^j^,Tz)/2. d(Tx^_^^,Fx^_^^), 
d(Tz,Fz), [d(Tx^_3^,Fz) + d(Tz,FXjj_3^ )]/q) 
« h max (d(Tx^_j^,Tz)/2, d(Tx^_j^,Tx^), d(Tz,Fz) 
[d(Tx„_;^,Tz) + d(Tz,Tx^_j^)J/q) 
and on letting n - <*, we get 
d(z,Tz) <. h d(z,Tz). 
This implies that Tz » z. 
Thus we have shown that z = Tz = Fz, so z is a common 
fixed point of F and T. To show that z is unique, Let w be 
another fixed point of F and T, then 
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d(w,z) = d(Fw,Fz) 
<. h max (d(Tz,Tw)/2, d(Tw,Fw), 
d(Tz,Fz), [d(Tw,Fz) + d(Tz,Fw)]/q) 
= h d(w,z) 
which implies that w = z. This completes the proof. 
Remark 1. As disapproved by Rhoades [87] the method of proof 
used in this theorem does not extend to more general contrac-
tive condition, nor can the theorem be extended to setvalued 
mappings along the lines of Assad-Kirk [k]. 
Remark 2. The condition FKC. TK can not be relaxed. There-
fore, Theorem 3.3.5 can not be obtained by putting T = I, the 
identity mapping. For if we put T » I then FKC IK - K which 
contradicts the hypthesis that F is a mapping from K to X. 
Now, we prove the following result for a pair of compa-
tible mapping^. 
Theorem 3.3.8. Let X be a Banach space, K a non empty closed 
subset of X. Let F,T : K —> X be such that F is generalized 
T-contractive satisfying the conditions: 
(i) e)KC TK, FKC TK, 
(ii) Tx e bK=> Fx e K, 
(iii) F and T are compatible, 
(iv) F and T are continuous on K. 
Then there exists a unique common fixed point z in K such 
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that z = Tz = Fz. 
Proof. Proceeding as in Theorem 3.3.7, we can show that the 
sequence {Tx } converges to a point z in K. Again we assume 
that there exists a subsequence {Tx^ } is contained in P i.e. 
Tx = Fx ,. We again denote, for convenience, Tx = Tx . 
To show that Tz - Fz. Since Tx^ » ^n-1 "^'^  ^ '^ n-l ^ ^  ®"^ 
d(Fx ,,Tx ,) = d(Tx^, Tx„ ^) —> 0 as n - «>, it follows from 
^ n—1 n-1 n n-i' 
the compatibility of F and T that 
lim d(TTx^, FTx^ ^^ )^ « 0 . 
Since F and T are continuous, we obtain Tz = Fz. 
Now, 
d(TXjj^ -L,Tz) » d(Fx^.Fz) 
< h max (d(Tx^,Tz)/2, d(Tx^,Fx^), 
d(Tz,F2), [d(Tx^,Fz) + d(Tz,FXjj)J/q) 
- h max (d(Tx^,Tz)/2, cl(Tx^,Tx^^^), d(Tz,Fz), 
[d(Tx^,Tz) + d(Tz,Tx^^^]/q). 
On l e t t i n g n - <*, we o b t a i n d ( z , T z ) <, h d ( z , T z ) , g i v i n g t h e r e b y 
z » Tz. 
Thus we have proved t h a t z » Tz » Fz. The uniquenePP 
of z fo l lows from Theorem 5 . 3 . 7 . This completes t h e proof . 
3 .^ .A RESULT C0NCE2^ NING NQN-SXPANSIVE MAPPINGS 
In t h i s s e c t i o n we extend Theorem 3 . 3 . 7 t o e s t a b l i s h 
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the existence of fixed point for generalized T-non-expansive 
mapping using the notion of starshaped subsets due to Dotson 
[21]. 
Definition 3.4,1. A subset K of a linear space X is said to 
be star-shaped provided that there exists atleast one point 
p e K such that if x £ K and t e (0»1) then (l-t)p + tx e K. 
We use —> to denote the strong convergence and — ^ 
to denote the weak convergence. 
Definition 3.^*2. If K is a subset of a Banach space X, thpn 
the mapping F : K — > X is said to be demiclqsed provided that 
if x^ e K and x^ —»• x e K and Fx^ > y e X, then Fx « y. 
We prove the following. 
Theorem 3.^.^. Let K be a non-empty weakly compact starshaped 
subset of a Banach space X. Let F be a generalized T-non-
expansive mapping of K into X and conditions (i) - (iv) of 
Theorem 3.3.7 are satisfied. Further if (l-F) is demiclosed, 
then F and T have a common fixed point z in K. 
Proof. Choose p e K such that (l-t) p + tx e K for all x e K 
and all t e (0,1). For each n = 2,3,^ , let Ic = i - i 
and define F„ : K - ^ X by F^ x . (l-k^)p -^ k^Fx for all x e K. 
It is easy to verify that F^ is a generalized T-contraction 
of K into X, and F^ satisfy condition (i) - (iv) of Theorem 
3.3.7. Since weak topology is Hausdorff and K is weakly compact, 
we have that K is weakly closed and therefore strongly closed. 
Thus by Theorem 3.3.7, for each n >, 2, F^ and T have a unique 
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common fixed po in t , say z^ e K. I t follows t h a t {z^} has a 
weakly convergent subsequence and we may assume t h a t {z^} 
i t s e l f converges weakly, say t o z e K. Furthermore, s ince 
weakly convergent sequences a re norm bounded, we have t h a t 
fz } i s bounded and the re fo re the re e x i s t s M > 0 such t h a t 
| | z^ | | ^ M for a l l n ^ 2 . Thus for each n >y 2, we have 
( l . F ) z ^ , z„ - lc-1 [F„z„ - ( l - k„ )p ] 
and hence, 
| | ( l - F ) z ^ | | ^ ( k ; l - l ) (M + | | p | | ) . 
As ltl~*>l as n - «», we have (I-F)z^ — > 0 e K. Also, 
since z — ^ z e K and (I-F) is demiclosed, it follows that 
(I-F) z « 0. This implies that Fz = z. Since for each n :> 2, 
we have Tz » z and T is continuous, taking the limit as n - o., 
we obtain Tz - z. Thus we have proved that z » Tz » Fz. This 
completes the proof. The uniqueness cannot be asserted. 
Remark. If K is compact or F is weakly continuous then the 
condition (I-F) is demiclosed can be dropped, because if F 
is weakly continuous then it is demiclosed. Also, if F is 
linear (or affine) then strong continuity of F implies that 
F is weakly continuous. 
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CliAPTER - IV 
COMMON FIXED POINT THEOREMS IN 2-METRIC SPACES UNDER WEAK 
CONDITIONS OF COMMUTATIVITY 
U.l.INTRODUCTION 
Gahler [32] initiated the study of 2-metric spaceF 
and continued its extensive study in a series of paper? 
([33] » [3M» [35J). Among other significant contributorF 
White [107], Freese [28], Andalafte and Freese [29] deserve 
special mention. 
Perhaps it was Is4ki [^]f who for the first time 
proved a fixed point theorem in 2-metric spaces which tias 
set out a tradition of proving fixed point theorem in 2-
metric spaces employing various known contractive conditions. 
For the work of this kind one can be referred to Iseki [^7], 
Singh et al. [97] etc. 
In this chapter we prove some fixed point theorems 
employing a contractive condition due to Delbosco [17] which 
can not be regarded as a restriction of some contractive con-
dition like Husain-Sehgal [A2]^whose 2-metric space vereion 
can be found in Imdad et al.[44]. In doing so we are amply 
motivated by Fisher-Sessa [27], Naidu-Prasad [75] and Jungck 
[53]. 
^. 2. AN EXTENSION OF DELBOSCO FIXED -POUTT THEOREM IN 2-METRIC 
SPACES 
Following Delbosco [17], we consider the set 1 °' 
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a l l real valued continuous functions g : R^  > R^ sa t i s fy-
ing the conditions given in (c)-(1.3.3)^ we prove the following: 
Theorem 4 .2 .1 . Let (X,d) be a complete 2-metric space and 
S,T,I and J are mappings of X into i t s e l f satisfying the 
inequality 
(1) d(Sx,Ty,a) £ g (d( lx , Jy ,a ) , d( lx ,Sx,a) , d(Jy,Ty,a)) 
for a l l x,y, a in X, where g i s in*^-• Further i f the follow-
ing holds : 
( i ) TXQ IX and SXC JX, 
(ii) {S,I} and {T,J} are weakly commuting pairs, 
(iii) any one of S,I,T or J is continuous* 
Then S,T,I and J have a unique common fixed point z. Further, 
z is the unique common fixed point of S and I and of T and J. 
Proof. Let x be an arbitrary point in X and x, be a point 
such that Sx » Jx^. This can be done as SX c JX. Let x- be 
a point such that Tx-, » IXp. This can also be done as 
TX c IX. In general, we can choose Xp^ ,^ ^ pn-t-l ®"^ ^2 +2 
such that SX2^ - J'^ 2n+1 ®"^ '^ 2^n+l " ^ ''2n+2 ^"^^ " =• 0»1»2, ... 
Using inequality (1), we have 
d(Sx2^, Tx2^^^.a)ig(d(lX2„,Jx2„^3^.a), d(IX2„,Sx2^,a), 
d(Jx2^^1,Tx2„^^,a)) 
= s(<i(T^n_l»Sx2„,a), d(Tx2„_^,Sx2„,a), 
'^^2^2n'T'^2n+l'^)) 
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which implies by (1.3.3) - (ii) 
Similarly, we can show that 
d(Sx2„.Tx2„_3^,a) < hd(Sx2„_2'T^2n-l'^> 
and so, we have 
d(Sx2„,TX2„^l,a) < hd(Sx2^,Tx2^.^,a) 
<. h^" d(Sx^, Txj^.a) 
for n » 1,2, . . . . Since h < 1, we have t h a t t he sequence 
{SXQ,TX^,SX2, . . . , TX2JJ_3^,SX2JJ,TX2^^3^, . . . . } 
i s a Cauchy sequence and so has a l i m i t z i n X, s ince X i s 
complete. Hence the subsequences 
{SX2„} = {JX2„^-L} and {Tx2^_i} = {1X2^} 
a l so converge t o the po in t z . 
Let us now suppose t h a t the mapping I i s cont inuous, 
so t h a t t he sequences {I x^^} and {lSx_ } converge t o the 
poin t I z . Since S and I a re weakly commuting, we have 
d(Slx2^,ISx2jj,a) 1 d( 1X2^ ,^8X2 j ^ , a) 
and so the sequence {Slx2^} also converges to the point Iz. 
We therefore have 
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Letting n - «», we have 
d(lz,z,a) < g(d(lz.z,a),0,0) 
which implies by (1.3.3) - (ii) that 
d(Iz,z,a) < 0 . 
This gives Iz » z . 
Further, 
d(Sz,Tx2„^ 3^ ,a) i g(d(Iz,Jx2„^l,a), d(lz,Sz,a). 
d(Jx2„^l.Tx2„^i.a)) 
and letting n -• «*, we get 
d(Sz,z,a) 1 g(0,d(z,Sz,a),0) 
which implies by (1.3.3) - (ii) that 
Sz = z . 
This means that z is in the range of S and SX c JX, there 
exists a point z in X such that Jz = z. Thus 
d(z,Tz' ,a) » d(Sz,Tz' ,a) 
<, g(d(lz,Jz' ,a), d(Iz,Sz,a), d(Jz' ,Tz' ,a)) 
- g(0,0,d(z,Tz ,a)) 
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which implies by (1.3.3) - (ii) that 
Tz » 2 . 
Since T and J are weakly commuting, we have 
d(Tz,j2,a) » d(TJz' ,JTz' ,a) 
<. dCJz' ,Tz ,a) 
= d(z,z,a) 
- 0. 
Thus we get Tz » Jz and so, 
d(z,Tz,a) . d(S2,Tz,a) 
<. g(0,d(z,Tz,a),0) 
which implies by (1.3.3)- (ii) that 
z 3 Tz 3 Jz. 
We have therefore proved that z - Iz - Sz - Tz - Jz, and so 
z is a common fixed point of S,T,I and J. 
If the mapping J is continuous instead of I then we 
can similarly prove that z is again a common fixed point of 
S,T,I and J. 
Now suppose that S is continuous, so that the sequences 
{S x^ }^ and {SIx^ j^ } converge to the point Sz. Since S and I 
are weakly commuting, it follows as above that the sequence 
{ISXpjj} also converges to the point Sz. Now, 
d(s2x2„,Tx2^^^,a) < g(d(ISX2^,Tx2„^3^,a), ddSx^^.S^^.a) 
'*^ '^ 2^n*l'Tx2n+l.a)). 
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Letting n -* <», we get 
d(S2,z,a) ^  g(d(Sz,z,a),0,0) 
and so by (1.3.3) - (ii) we have 
Sz = z. 
This again means that there exists a point z in X such that 
Jz' = z. Thus 
d(S^X2n.Tz',a) < g(d(ISx2n, Jz .a), d(ISX2jj,s2x2jj,a), 
d(Jz' ,Tz' ,a)) 
and letting n - «*, it follows that 
d(z,Tz' ,a) < g(0,0,d(z,Tz' ,a)) 
and so by (1.3.3) - (ii) we have 
z ^ Tz , 
Since T and J are weakly commuting, it again follows that 
Tz « Jz. Further 
d(Sx2jj,Tz,a) i g(d(IX2Q, Jz,a), d( 1X2^^,8X2^^,3), d(Jz,Tz,a) 
Letting n - <», we get 
d(z,Tz,a) <. g(d(z,Tz,a),0,0) 
and so by (1.3.3) - (ii)» we have 
Tz = Jz = z. 
It follows that the point z is in the range of T and since 
T X C IX, there exists a point z^^ in X such that Iz'' » z. Thus 
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d(Sz''',z,a) - d(Sz' ,T2,a) 
< g(d(Iz^^Jz,a),d(I2^^Sz^^a), d(Jz,Tz,a)) 
- g(0,d(z,Sz'\a),0) 
and so by (1.3.3) - (ii), v'e have 
ST!' « z. 
Again, since S and I are weakly conmuting, we have 
d(Sz,lz,a) - d(SIz''^ S^z''^ a) 
<. d(Iz''^Sz'^a) 
= d(z,2,a) - 0 • 
Thus, 
Sz = Iz = z. 
We have therefore shown that z is a common fixed point of 
S,T,I and J. 
If the mapping T is continuous instead of S then the 
proof that z is a common fixed point of S,T,I and J is similar. 
Now, let w be a second common fixed point of S and I then 
d(w,z,a) = d(Sw,Tz,a) 
<^  g(d(Iw,Jz,a), d(lw,Sw,a), d(Jz,Tz,a)) 
- g(d(w,z,a),0,0) 
and it follows from (1.3.3) - (ii) that w » z. Thus z is a 
unique common fixed point of S and I. Similarly, it can be 
proved that z is a unique common fixed point of T and J. This 
completes the proof. 
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Remark. We refer to the examples of [72] where it is shown 
that weak coramutativity of T and J (also of S and I) and the 
range T X C IX (also SX<^ JX) and the continuity of any one of 
S,I,T or J is a necessary condition of Theorem 1 of [72] and 
therefore also in Theorem 4.2.1. 
Now using the compatibility condition on mappings, we 
prove the following; 
Theorem 4.2.2. Let (X,d) be a complete 2-metric space and 
S,T,I and J are mappings of X into itself satisfying the in-
equality 
(1) d(Sx,Ty,a) < g(d(lx,Jy.a), d(Ix,Sx,a), d(jy,Ty,a)) 
for all x,y,a in X, where g is in^ Jb . Further if the following 
holds : 
(i) TX<= IX and S X e JX, 
( i i ) {S,l} and {T,J} a re compatible p a i r s , 
( i i l ) I and J a re cont inuous. 
Then S,T,I and J have a unique common fixed point z. Further 
z i s a unique common fixed poin t of S and 1 and of T and J . 
Proof. Proceeding as in Theorem 4 , 2 . 1 , we can show t h a t the 
sequence 
{Sx^,Tx-|^,Sx2, , TX2JJ_-J^,SX2J^,TX2J^^J^, . . . . } 
is a Cauchy sequence and therefore converges to a point z In X. 
Consequently the subsequences 
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also converge to z. 
Since I is continuous, it follows that the sequences 
{lSx_ } and {I^ Xp^ }^ converge to Iz. Since S and I are compati-
ble, we have lim d(SIx2„,ISx2^,a)- 0. It follows that {SIx^^} 
also converge to Iz. Thus using the inequality (1), we have 
d(SIX2„.TX2„^^.a) < gCdCl^^, Jx2„^pa), ci(l2x2„,SIX2„,a) 
d(Jx2„^l,TX2„^-L,a)). 
Letting n - «>, we have 
d(lz,z,a) < g(d(lz,z,a),0,0) 
and so by (1,3.5) - (ii). we have 
Iz » z. 
Again , 
d(Sz,Tx2^^j^,a) <, g(d(Iz,Jx2yj^ -j^ ,a), d(lz,Sz,a), 
d(Jx2„^^,Tx2„^^,a)) 
and letting n -* =•, we get 
d(Sz,z,a) £ g(0,d(Sz,z,a),0) 
and so by (1.3.3) - (li)t we have 
Sz a z. 
in the same way using the continuity of J and compati-
bility of T and J, it can be proved that Jz = Tz « z. Thus z 
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is a common fixed point of S,T,I and J. The uniqueness can 
be shown as in Theorem ^.2.1. This completes the proof. 
Motivated from Jungck et al.[5M» we further extend 
Theorem 4.2.2 employing the compatibility of type (A) which 
further improves various known results. 
Theorem 4.2.3. Let S,T,I and J be the same as defined in 
Theorem 4.2.1. If the condition (ii) is replaced by (ii) 
{S,I} and {T,J} are compatible pairs of Type (A), then S,T,I 
and J have a unique common fixed point z in X. Further z is 
a unique common fixed point of S and I and of T and J. 
Proof. We have seen that the sequences 
i ^ W = tJ^ 2n*lJ ^ "^  i^^n-i » i^ 2^n^  
converge to some point z in X. 
Now, suppose J is continuous. Since T and J are compa-
tible mappings of Type (A) and {JX2JJ^-^} , {Tx2n+i} converge to 
the point z, by proposition 1.5.18, we have 
TJx2^^j^, '^ '^ 2^n+l ^ "^ ^ ^^ n - »• . 
Put t ing x = X2JJ and y = J'^2n+1 ^" inequa l i ty ( 1 ) , we have 
d(Sx2„.TJx2„^^,a) < g (d( IX2.JJx2„^ l , a ) , d( lX2„,Sx2„.a) , 
^(^"^^2n4.1'TJ^2n+l»a)). 
Let t ing n - oo, by ( 1 . 3 . 3 ) - ( 1 1 ) , we have 
d ( z , J z , a ) < g ( d ( z , J z , a ) , 0 , 0 ) « 0 
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giving thereby Jz » z. Again by putting x * y.^^ and y =» z 
in inequality (1), we have 
d(Sx2jj,Tz,a) <. g(d(lX2jj.Jz,a), d(IX2j^,Sx2„,a), 
d(Tz,Jz,a)) 
and letting n - «*, by (1.3.3) - (ii)fWe have 
d(z,Tz,a) <. g(0,0,d(z,Tz,a)) - 0 
which implies that Tz « z. 
Since TXC IX, there exists a point z in X such that 
z » Iz ' and so by using inequality ( l ) , we have 
d(Sz' ,z ,a) « d(Sz' ,Tz,a) 
i g(d(Iz' , S z ' , a ) , d ( l z \ S z \ a ) , d(Jz,Tz,a)) 
= g(d(z,Sz' , a ) , d(z,Sz' ,a) ,0) 
< h d(z,Sz' ,a) 
which implies that Sz' =« z. 
But, since S and I are compatible mappings of Type (A) 
and Sz' = Iz = z, we have by proposition 1.5.17, 
d(SIz' ,IIz ,a) = 0 giving thereby Sz » SIz' - IIz' » Iz. 
Again, using inequality (l), by (1.3.3) - (ii), we have 
d(Sz,z,a) - d(Sz,Tz,a) 
1 g(d(lz,Jz,a), d(lz,Sz,a), d(Jz,Tz,a)) 
- g(d(Sz,z,a), 0,0) = 0 , 
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giving thereby Sz » z. 
Thus, we have proved that Sz • Tz » Iz « Jz =» z, that 
is, z is a cofflmon fixed point of S,T,I and J. 
Similarly, we can complete the proof when S or T or I 
is continuous. The uniqueness of z and the fact that z is a 
unique common fixed point of S,I and of T,J follows from 
Theorem t^ .2.1. 
This completes the proof. 
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CHAPTER - V 
FIXED POINT THEOREMS FOR HYBRID CONTRACTIONS 
5.1.INTRODUCTION 
The study of fixed point theorems for muitifvAnctions 
using Hausdorff metric was initiated by Markin [70] and 
Nadler [7M» Since then, various generalizations using 
different contractive conditions were obtained by Ciric [i2j, 
Khan [62], Kubaik [67], Reich [85], Smithson [lOl], Wegrzyk 
[106J and others. However, hybrid contractions, viz. contrac-
tive conditions involving singlevalued and multivalued mapp-
ings>have been studied by Mukherjee [73], Naimpally et al. 
[76], Rhoades et al. [89], Singh et al,[99] and many others. 
Assad-Kirk [h] have used the technique of Nadler [7^] 
to obtain the sufficient condition for non-self multivalued 
mappings to have a fixed point. Their results were further 
extended for Hardy-Rogers type generalized contraction by 
Itoh [^9]. Subsequently these results were further extended 
for a pair of multivalued mappings by Khan [62] and other?. 
In Section 5.2, we have given necessary definitions 
and results used in the sequel. 
In Section 5.3t we prove a result for hybrid contrac-
tions using the contractive condition of Som-Mukherjee [105] 
which extends their resvdts and also those of Khan [61]. 
Pachpatte [78] and many others. 
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In Sec t ion 5 . ^ , we have o b t a i n e d f ixed p o i n t and 
c o i n c i d e n t p o i n t r e s u l t s fo r a s y m p t o t i c a l l y r e g u l a r mappings 
which extend t h e e a r l i e r knovm r e s u l t s of Rhoades e t a l . [89] 
and Singh e t a l . [ 9 9 ] . 
S e c t i o n 5 .5 i s devoted t o t h e s t u d y of f ixed p o i n t 
theorems fo r n o n - s e l f hybr id c o n t r a c t i o n s which extend t h e 
e a r l i e r known r e s u l t s of Assad-Kirk [k], Hadzic-Gaj ic [ 3 8 ] , 
I t o h [ 4 9 ] , Khan [62] and many o t h e r s . 
5.2.BASIC DEFINITIONS 
Let (X,d) be a m e t r i c s p a c e . Then fo l lowing Nadler 
[ 7 4 ] , Khan [62] and Singh e t a l . [89] we s h a l l use t h e n o t a -
t i o n s : 
CL(X) » {A : A i s a nonempty c l o s e d s u b s e t of X}, 
BN(X) » (A : A i s a nonempty bounded s u b s e t of X}, 
CB(X) = {A : A i s a nonempty c lo sed and bounded s u b s e t of X}, 
C(X) = {A : A i s a nonempty compact s u b s e t of X}, 
d(A,B) = i n f {d (a ,b ) : a e A, b e B}, 
d(x,A) = i n f {d (x , a ) : a e A}, 
6(A,B) = sup {d(^a,b) : a e A, b e B}. 
For A,B £ CL (X) and e > 0 
N(e,A) = (x e X : d ( x , a ) < e fo r some a e A}, 
^A,B = {e > 0 : A C N (e ,B) and B C N ( e , A ) } , 
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inf E^^B ' if ^ A.B *- ^ ' 
H(A,B) , 
+ 0. , if E^^B =^^-
H(A,B) is called the generalized Hausdorff distance function 
induced by d and H defined on CB(X) is said to be the Hausdorff 
metric induced by d. For A,B e CB(X) one can alternatively 
define ao 
H(A,B) = max ({sup d(a,B) : a e A} , (sup d(A,b) : b e B}). 
It is well known (cf. Kuratowski [69]) that CB(X) IF a 
metric space with the distance function H and (CB(X), H) is a 
complete metric space in the event that (X,d) is complete. 
Following Fisher [26] we record : 
Definition ^.2.1. The set valued mapping F:X — > CB(X) is 
said to be continuous at x e X if whenever [x } is a sequence 
of points in X converging to x, then the sequence {Fx } conver-
ges to Fx. The mapping F is continuous on X if it is conti-
nuous at every point x e X. Alternatively a mapping 
F : X — > CB(X) is said to be continuous at x e X if for 
o 
any e > 0 the re e x i s t s a 6 > 0 such t h a t 
H(Fx,Fx^) < e whenever d(x,x^) < 4 . 
I f F i s continuous a t every point of X, then we say t h a t F i s 
continuous on X. 
Following Hadzic-Gajic [38] and Kaneko-Sessa [55] we 
have 
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Definition 3.2.2. Two mappings F : X —> CB(X) and T : X — > X 
are said to be weakly conunuttng if and only if for each x,y e X 
such that X e Fy and Ty e X, we have 
d(Tx,Fry) <. d(Ty,Fy), 
For F^a single valued mapping, this definition reduces to that 
of Sessa [95] (See Definition 1.5.1). 
Definition 5.2.j. Two mappings F : X — > CB (X) and 
T : X — > X are compatible if and only if TFx e CB (X) for all 
X e X and H (FTx^ ,^ TFx^) — > 0 whenever {x^} is a sequence in 
X such that Fx„ > M e CB(X) and Tx > t e M. 
n ^ ' n 
The following Lemma due to Nadler [ih] is used fre-
quently. 
Lemma 5.2.^. Let A,B be in CB(X). Then for all e > o and 
a e A there exists b e B such that d(a,b) ^  H(A,B) + e. If 
A,B are compact then one can find b e B such that 
d(a,b) <. H(A,B). 
5.3. SOME RESULTS FOR HYBRID CONTRACTIONS 
We shall prove some results for hybrid contractions 
using the contractive condition of Som-MukherJee [103]. 
Theorem 5.3.1. Let (X,d) be a complete metric space, 
F,G : X —> CB(X) and T : X — ^ X satisfying the inequality. 
(1) H(Fx,Gy) < h (d(Tx,Fx)) (d(Ty,Gy))°' (d(Tx.Ty))^ 
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for all x,y e X, h e (0,1), 0 < a, 0 i p with a+p < 1. 
If the following conditions hold : 
(i) FX U GX C TX, 
( i i ) ( F , T } and {G,T} are weakly commuting p a i r s , 
( i i i ) T i s continuous, 
then t h e r e ex i s t s a unique conmon fixed poin t z in X such 
t h a t z - Tz e Fz O Gz. 
Proof, Assume k = l/^TE, Let x^ e X and y^ an a r b i t r a r y 
point in FXQ. Choose x, e X such t h a t y, « Tx-j^ . This i s 
poss ib le as FXC TX. By Lemma 5.2.U, we can find y^ e Cx, 
such t h a t dCy-j^.yp) <. k H(FXQ,GX^) . Choose x^ e X such t h a t 
y- » Tx^. This i s a lso poss ib le as GXC IX. Induct ively 
a f t e r having se lec ted y^^ » Txp^ ^ e ^^pn - l ' '^ ^o '^^ ® 
^2n+l " ^'^an+l ^ ^2n* ^^®" having se l ec t ed y2n+i» choose 
yZn^Z = T^2n>2 ^ ^^2nU «"^^ ^ ^ ^ 
^^y2n+l' y2n+2) ^ ^ "^^^2n' ^^Sn+l^' 
Thus for n >^  1, we have 
(2) d(y2„.y2„^l) < k HlFXj^.Ox^^,^) 
(d(TX2„_^, GX2„_^))" 
('*(>'2n-l'y2n>'" 
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so that 
(3) d(y2^,y2„^l) < r(ci( 
l/2Ca+p) 
where r « (h) < 1, since a + p < 1. 
Similarly, we can show that 
^2n-2'^2n-l^* 
Combining the above two inequalities, we obtain 
^^yn+ryn*2> ^ "^  ^ ^^n'^n^l^ 
< -y" d(yi^,y2). 
This shows that {y } » i'^^r} ^^ ^ Cauchy sequence and 
hence converges to a point z in X. 
Now, since T is continuous, the sequence {TTx } 
converges to Tz. Using the weak commutativity of G and T, 
we have 1X2^ ^ e ^^2n-l* •^ •'^ 2n-l^  ^ » ^^ follows that 
d(TTx2„,GTx2„,-L) < d(Tx2„.;^,Gx2„^l) 
< d(Tx2„.^,Tx2„). 
On letting n - »•, we have 
d(Tz,GTx2j^-^) — > 0 as n —> <*. 
Similarly, using the continuity of T and weak conmutatlvity of 
F and T, we can prove that 
d(Tz, FTX2J^) — > 0 as n — > «•. 
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Now consider 
d(Tz,Fz) < d(Tz,GTX2^_-^) + H(GlXg^.i»P^) 
< d(Tz,GTx2n_3^ )^ + h(d(TTX2jj_3^ ,Tz))P 
(d(TTx2„.i,Grx2„^^))«.(d(Tz.Fz))^-°'"^ 
and on letting n - «, we get d(z,Tz) « 0 giving thereby 
Tz e Fz as Fz is closed. Similarly we can show that Tz e Gz. 
Now consider 
d(Tx2^,Tz) < H(Gx2^_3^,Fz) 
< h(d(Tx2jj^ 3^ ,Tz))P ^ ^^T^2n-l'°''2n-l^^°' 
(d(Tz.Fz))^"'*"P 
and on letting n - «, we get d(z,Tz) • 0. This implies that 
z = Tz, Thus we have shown that z = Tz e Fz 0 Gz. 
In order to show that z is unique, let w be another 
point such that w = Tw e Fw 0 Gw then 
d(z,w) <, H(Fz,Gw) 
< h(d(Tz.Tw))P (d(Tw,Gw))<* (d(Tz,Fz))^"«-P 
= 0 
giving thereby w = z. This completes the proof. 
Theorem 3.3«2. Let (X,d) be a complete metric space, 
F,G : X — > CB(X) and T : X — ^ X satisfying inequality 
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(1) Of Theorem 5 .3 .1 and the following condit ions hold : 
( i ) FX U CfXC TX, 
(ii) (F,T} and IG,T| are compatible pairs, 
(iii) F,G and T are continuous, 
then there exists a point z in X such that Tz e Fz 0 Gz. 
Proof. Proceeding as in Theorem 5.3.1, we can show that 
(y } = {Tx } is a Cauchy sequence and hence converges to 
some point z in X. Further the inequalities (2) and (3) 
yields that 
"^^^2n'^^2n-l) ^-^ ' ^^y2n-ry2n> 
which implies that the sequence 
{Fx^ ,^ Gx-^ , FX2, ^'^2n-l'^^2n' ^ ''2n+l ^ 
is a Cauchy sequence in the complete metric space (CB(X),H) 
and hence converges to some M e CB(X). Consequently the 
subsequences {Fx^ ^^ } and {G^ 2n-«-l^  ^^^° converge to M. Thus 
d(z,M) < d(z,Tx2j^) + H{Tx^^,n) 
and on letting n - « we get z c M as M is closed. Further 
the compatibility of F and T Implies that 
H(FTX2J^,TFX2^) — ^ 0 as n — > o,. 
This alongwith the continuity of F and T implies that 
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d(Tz,Fz) < d(Tz,TTX2j^^^) + cl(TTx2„^^,Fz) 
< d(Tz,TTx2n+i) * H(TFX2JJ,FZ) 
< d(T2,TTX2n^i) + H(TFx2„,Frx2n) + H(FTx2^.Fz) 
and on letting n — > <», we get Tz e Fz as Fz is closed. 
Similarly using the compatibility and continuity of G and T 
we can show that Tz e Gz. Thus we have proved that 
Tz e Fz n Gz. This completes the proof. 
In order to obtain the fixed point result for Theorem 
5.3.2, we need additional hypothesis given below. We shall 
use the following Lemma borrowed from [55]. 
Lemma 5.3.3. Let F : X — > CB(X) and T : X — > X be compa-
tible. If Tw e Fw for some w e X, then TFw = FTw. 
Theorem 5.3.^ » Let F,G and T have the same meaning as in 
Theorem 5.3.2. Assume also that for each x e X, either 
(I) Tx \ T^x = > Tx ^ FxU Gx or 
(II) Tx e Fx U G x = > T " X — > w for some w e X. 
Then F,G and T have a common fixed point in X. 
Proof. By Theorem 5.3.2, there exists a point z in X such 
that Tz e Fz 0 Gz. Suppose Tz e Fz, we have by Lemma 5.3.3 
that TFz = FPz. 
Assuming (I), we have Tz = T^z e TFz = FTz. Tha«5 w = Tz is 
the fixed point of T and F. 
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Assuming (II), it is clear that Tw = w by the continuity 
of T. We assert that T"Z e FT"~-'-Z for each n. To see thi? 
we have T^z « TTz e TFz - FTz. Using Lemma 5.3.3 (with w = Tz) 
we have T^z = TT^z e TFIz » FI^z. 
Thus inductively ^e obtain T^z e FT"" Z and the conti-
nuity of F implies that 
d(w,Fw) < d(w,T"z) + d(T"z,Fw) 
<^  d(w,T"z) •»• H(Fr""-*-z,Fw) —» 0 
as n —> «. Hence waTw e FW 0 Gw. If Tz e Gz then proceed-
ing as above we can show that w = Tw e GwO Fw. 
Thus w is the common fixed point of F,G and T. This 
completes the proof. 
5. U. A FIXED POINT THESORSM FOR ASYMPrOTICALLY REGULAR MAPPINGS 
Ln this section we have obtained a fixed point and 
coincidence point result for asymptotically regular mappings 
which extends the earlier known results of Rhoades et al. [89J 
and Singh et al.[99]. For proving our main theorem we intro-
duce the following. 
Let f,g be the single-valued mappings of X into itself 
y 
and A,B the multivalued mappings of X into the 2 (the non-
empty subsets of X). 
Definition 3.^.1. If, for some x e X, there exist two 
sequences {x^ }^ and {y^} in X such that y^ » fx^ e Bx , if 
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n is even and y^ = gx^ e Ax^_j^ if n is odd, then 
0 (x ) = (y : n e N} is said to be the orbit for 
f,g^  o' •^'n 
(A,B J f,g) at XQ. Further 0^^^ (x^) iB said to be regular 
orbit for (A,B ; f,g) if 
^^yn'yn+i> ^ 
H(Bx^^^, Ax^), if n is even 
H(Ax^__^,Bx^), if n is odd . 
Definition 5.^.2. If, for some x^ e X, there exists a seq-
uence {x } in X such that every Cauchy sequence of the form 
0*- rrC'^ o) converges in X, then X is called (A,B j f,g) -
orbitally complete with respect to x^ or simply (A,B ; f,g ; x^) 
orbitally complete. 
If f,g are identity mappings then 0- „(x_) is denoted 
i»g " 
by 0(XQ) and (A,B ; f,g ; x^)-orbital completeness by 
(A,B ; XQ)-orbital completeness. 
Definition 5.^.3. A pair (A,B) is said to be asymptotically 
regular at x^ e X if for any sequences {x } and {y } in X 
such that y^ e Ax^^j^ U ^'^n-l' ^ ^" ^ ^^n'^n+i^ ' °* 
We remark that Definitions 5.^.1 - 5.^.5 reduce to the 
definitions 1.1 - 1.3 of Singh et al,[98] for f = g, and 
definitions 4,6 and 7 of Rhoades et al, [89] for A = B, f = g. 
We fiArther remark that orbital completeness need not imply 
the completeness of X. However, it is evident that every 
complete space is orbitally complete. 
Theorem 5.4.4. Lot (X,d) be a metric space, 
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A,B : X —> CL(X) and f ,g : X —> X such t h a t AXC gX, 
BXC fX and 
(1) H(Ax,By) i p ^ (d ( fx ,gy ) , d(fx,Ax), d(gy,By), d(fx,By), 
d(gy.Ax)) 
holds for a l l x,y e X and for t > 0, q e ( 0 , 1 ) , 
p' ( t , t , t , a t , b t ) < q t , a >, 0, b >^  0, a+b <, 2 and 
max {0 ( t , t , t , 0 , 2 t ) , J2f ( t , 0 , 0 , t , 0 ) ) < qt , 
(2) t he r e ex i s t s a point XQ e X such t h a t the pa i r (A,B) 
i s asymptot ical ly regular a t x^, 
(3) fX and gX are (A,B ; f,gv XQ)-orbital ly complete, then there 
exist u , z , and Zp in X with u = f(zj^) e Az^, u » gCzp) e Bzp. 
Fur ther , i f u i s a fixed poin t of f and f,A commute 
weakly a t z, then u « fu e Au and i f u i s a fixed point 
of g and g,B commute weakly a t Zp then u = gu e Bu. 
Proof. Assume h = 1 / ^ . Let x^ e X sa t i s fy ing condi t ion (2) 
and y, an a r b i t r a r y poin t i n Ax^. Choose x, such t h a t y, = gx , . 
Such a choice i s pos s ib l e , s ince AXC gX. By Lemma 5 . 2 . ^ , we 
can find y^ e Bx^ such t h a t d(y-j^,y2) ^ h H(AXQ,BX, ) . Set 
Yy » fXp' This can a l so be done as BXC fX. In genera l , 
y2j^ " ^'^2n ^ ^^2n-l ^^^ been se l ec t ed , choose 
y2n>l = «^2na ^ ^ 2 n ^"^^ ^^^* 
^^y2n'y2n+l) 1 ^ ^^ ^Zn'^'^Zn-l^ ^ 
Then having se lec ted y^^^^^. choose y^^^^ = fX2^^2 e Bx^^^^ 
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such t h a t d(y2n^i»y2n+2^ ^ ^ "^S^2n+l»^2n) ^°^ " = ^ ' 2 ' *• 
We denote t ^ = ^^yn'^n+l^ ' "^^^ *^^ ^ n ^ 1, we have 
d^y2n»y2n+l) » d^^^2n'«^2n*l> i ^ » (^2n 'S^2n- l> 
< h j2f (d(fX2jj,gX2yj^^). d(fX2^,AX2„), 
'*^6^2n-l»^'^2n-l)' d^^^2n»«^2n-l>» 
cl(gX2„^3^.Ax2„)) 
< h i 3 ' ( d ( y 2 „ , y 2 n . i ) , ^(72^,72^^1) . 
^^y2n-l'y2n^ 
. 0 . d ( y 2 „ . i . y 2 n ^ i ) ) , 
which gives 
^2n 1 ^ ^ ( ^ 2 n - r W * 2 n - r ° ' ^ ^ 2 n - l ^ W ^ * 
^^ *2n ' ^2n-l» ^® ^^^« 
t2„s< h ^ ( t 2 „ . t 2 „ , t 2 „ . 0 . 2 t 2 „ ) < J q t 2 „ , 
which i s inadmiss ible . Therefore, t ^„ < t^ , . 
2n 2n-l 
S imi la r ly , we can show t h a t t2j^ _^ -j^  < t 2 ^ . Thus ( t } 
i s a Cauchy sequence. 
Now, 
t2 < h jeT (t3^ ,tj^ ,tj^ ,0,2t-^ ) <. ^  t^ .^ 
Inductively, it follows that 
t < a"/2 + 
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L e t t i n g n —> «», we have lira t ^ - 0 . This shows t h a t {y^} 
i s a Cauchy sequence and has a l i m i t u i n X. Consequent ly 
t h e subsequences {y^^} = {Jf^ c^ ^^ } and {y2n+i} = i6'^2n+l^ ^^^^ 
converge t o u i n X. E v i d e n t l y u e fX 0 gX. Thus t h e r e 
e x i s t p o i n t s z, and z^ i n X such t h a t u = fz^^ = gZ2- By 
c o n d i t i o n ( l ) 
d(fz,.Az^) < dCfZj^.fXg^^g) ^ d(fX2^^2.A2^) 
< d ( f z i , f x 2 „ ^ 2 ) * »^B^2n+l 'Azi) 
<. d(fZ]^,fX2„^2^ +-0^ (d(fZ]^,gX2j^^3^), dCfz^^.Azj^) 
d(gX2„^l,Bx2„^3,) , dCfz^ .Bx^^^^) , dCgx^^^^. Az-^)) 
< d(fZ]^,fX2„^2) + / (d( fZ3^ ,gX2^^3^) , d(fz-L,Az^), 
d(gX2„^l,fX2„^2)' d(fZjL,fX2„^2). d(gx^^^^,Az^)). 
On letting n •—> «>, the inequality yields 
d(fz-,^ ,Azj^ ) < 0 (0,(fz-L,Azj^),0,0,d(fz^,Az^)) 
<, q d(fZj^,Az^) 
a contradiction. Hence fZj^  e Az^ as Az^ is closed. Similarly, 
we can show that gZ2 e BZ2. Thus z^^ is the coincidence point 
of f and A and Z2 is the coincidence point of g and B. 
If we assume that u » fz, is a fixed point of f then 
u = fu = ffz-j^  e fAz-j^ . If f and A commute weakly at z, e X 
then fAz^ = Afz-j^ . Since fz^ e Az^ .^ Therefore, 
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u = fu =. ffzj^  e fAz^ « AfZj^  » Au, that is, u = fu e Au. 
Similarly u is the fixed point of g,as g and B commute 
weakly at Z2 e X then u = gu e Bu. This completes the proof. 
Our Theorem 5.^.^ improves Theorem 2.1 of Singh et al. 
[99] for f = g. We remark that the condition AXC gX, 
BXC fX can be replaced by orbital regularity (cf. Def.5.^.1). 
For multivalued mappings A,B : X —> C(X) it is well known 
that for y-j^  = gx^ e AXQ and y^ » t^^ ^ ^ \ ^® ^®ve 
^^^1*^2^ <, H (AXQ.BXJ^). This suggest that for A,B : X —-^ C(X) 
the condition of orbital regularity can be dropped. 
We further emphasize that if the assumption u is a 
fixed point of f (resp. u is a fixed point of g) is dropped 
then A and f (resp. B and g) need not have a fixed point as 
is evident from the following example given by Singh et al, 
[99] for f = g. 
Example 3.4.5. Let X = [0,l] and Ax = Bx =. {0,1}, fx = 1-x 
for all X eX. Since Ax = {0,1} C fX = X, H (Ax, Ay) = 0 for 
all x,y e X. fAx « {0,1} » Afx and fO = 1 e A^, fi = 0 e AO, 
all hypothesis of Theorem 5.^.4 are satisfied for f = g except 
that none of the coincidence values, viz., fO or f 1 is a fixed 
point of f. Evidently,f and A are continuous, and the only 
fixed point of f is 1/2 which is not the fixed point of A. 
5.5. CXJMMON FIXED POINT THEOREMS FX)R NON~SELF HYBRID CONTRACTIONS 
This section is devoted to the study of some common 
fixed point theorems for non-self hybrid contractions in 
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met r i ca l ly convex metr ic spaces which extends the e a r l i e r 
known r e s u l t of Assad-Kirfc [M» Hadzic-Gajic [ 3 8 ] , I t oh [49 ] , 
Khan [62] and many o t h e r s . Some r e l a t e d r e s u l t s have a l so 
been obtained. 
Following Assad-Kirk [k] we r e c a l l : 
Def in i t ion 3 . 5 . 1 . A metric space (X,d) i s sa id t o be me t r i -
ca l ly convex i f for every x,y in X (wi th x + y) t he r e e x i s t s 
z in X (x + y + z) such t h a t 
d (x ,z ) + d(z ,y) » d (x ,y ) . 
Further, if K is nonempty closed subset of X and x e K and 
y ^ K then there exists a point z e tiK (the boundary of K) 
such that d(x,z) + d(z,y) • d(x,y) 
The following lemmas are borrowed from Rus [90] and 
Khan [62]. 
Lemma 3.3.2. Let A be in CB(X) and 0 < 9 < 1, then for any 
x e A there exists a e A such that d(x,a) >^  e a (x,A) and 
d(x,a) > e H(x,A). 
Lemma 3.3.3. For any A,B in CB(X) and x e X, 
|d(x.A) - d(x,B)| <, H(A,B). 
Lemma 3.3.4. For any x,y in X and A C X, 
|d(x,A) - d(y.A) I < d(x,y). 
In an attempt to extend the concepts of weak commutativity 
 
 
 
 
 
  
 
 
 
<J:7 
Of Sessa [95] and compat ib i l i ty of Jungck [53] for non-self 
miJltivalued mappings, Hadzic [37] and Hadzic-Gajic [38] 
introduced the following. 
Defini t ion 5.5«5. Let K be a non-empty subset of a metr ic 
space (X,d) F : K —> CB(X) and T : K —> X. Then the p a i r 
{F,T} i s s a id to be weakly conmuting i f for every x,y in K 
such t h a t X e Fy and Ty e K, 
d(Tx,Fry) i d(Ty,Fy). 
Definition 5.5«6. Let K be a nonempty subset of a metric 
space (X,d), F : K — > CB(X) and T : K — > X. Then the 
pair {F,T} is said to be compatible if for every sequence 
{x } from K and from the relation lim d(F^n''^^n^ " ^  ^^'^ 
n-*«> 
TX^ e K it follows that 
lim d(Ty^,FTy^) = 0, 
for every sequence {y } from K such t h a t y e Fx . 
For K a X and F s i ng l e valued the d e f i n i t i o n s 5 .5 .5 
and 5 .5 .6 reduce t o those of Sessa [95] and Jungck [53] r e s -
pec t ive ly (see Def. 1.5.1 and 1 .5 .3 ) . 
Following Khan [62] we introduce the following : 
Def in i t ion 5 . 5 . 7 . Let K be a non-empty closed subset of a 
metric space (X,d) , F : K —> CB(X) and T : K —> X. Then 
F i s sa id to be general ized T-contract ion of K in to CB(X) i f 
t he re ex i s t s non-negative r e a l s a ,3 ,7 with a+Zp+Zr < 1 such 
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that for all x,y e K, 
(^ ) H(Fx,Fy) i ad(Tx,Ty) + p (d(Tx.Fx) + d(Ty,Fy)) 
+ 7 (d(Tx,Fy) + d(Ty,Fx)). 
Definition 3.3.8. If K,F and T have the same meaning as in 
Definition 3.5.7. Then F is generalized T-contractive mapp-
ing of K into CB(X) if there exists non-negative reals a.p.T 
with 0 < 2a + 2p + ^ r £ 1 such that for any x,y in X with 
X ^ y, the inequality (*) holds. 
Remark. If F is single valued, then we simply say that F is 
generalized T-contraction (T-contractive) mapping of K into X. 
Now, we prove the following. 
Theorem 3.3.9- Let (X,d)be a complete metrically convex metric 
space and K a non-empty closed subset of X. If F i5 a genera-
lized T-contraction mapping of K into CB(X) satisfying 
(a>3+7) (I>3^.T)/(1-P-T)^ < 1 and 
(I) "bKC TK, KC C TK ; 
Tx e M =» Fx C K, 
( I I ) { F , T } i s a weakly commuting p a i r , 
( I I I ) T i s continuous on K, 
then there exists a point z in K such that z = Tz e Fz. 
Proof. If e = (a+p+7) (l-H3+7)/(l-p-r)2 „ o, then the theorem 
holds trivially. Thus without loss of generality, we assume 
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e > 0. We cons t ruc t t he sequences{x^} and {y^} in the foilcw-
ing way. 
Let X e M , then the re ex i s t s a poin t x^ e K such t h a t 
X = Tx as M C TK. From Tx^ e "bK and the impl ica t ion 
Tx e M ==^ FxC K, we conclude t h a t Fx^ e K O FK C TK. Let 
X, e K be such t h a t y, » Tx, e Fx^C K. Since y^ ^ e Fx the re 
e x i s t s a point y^ e Fx, such t h a t 
l-p-7 
d(yi»yp) < H (Fx ,Fx,) + ( ) e. 
Suppose yp e K, then y^  e K 0 FK which implies that 
there exists a Xp e K such that yp e Tx-. Suppose y^  ^ K then 
there exists a point q e K such that 
d(Tx^,q) + d(q,y2) = d(Tx^,y2). 
Since q e bK C TK, there exists a point Xp e K such that 
q 3 TXp and so 
d(Tx^,Tx2) + d(TX2,y2) » d(TXj^ ,y2). 
Let y, e FX2 such that 
d(yp.y,) < H(Fx FXp) + ( ) G^ . 
^ "^ 1+P+r 
Thus repeating the foregoing arguments, we obtain two 
sequences {x^ } and {y^ } such that 
^^ ') ^n.l = ^ n , 
 
 
 
 
 
  
 
 
 
/ ( I I ) Yn e K = > y„ = Tx^ or 
y^ (f K = » Tx^ e "bK and 
d (Tx„ . i ,Tx^ ) * d(Tx^.y„) = d (Tx^_ i ,y„ ) , 
1—R—T 
(HI ) iiy„.y„,i) < H(F^„.I,FX„) . ( - ^ ) e". 
We denote 
P = (Tx^ e {Tx^} : Tx^ = y ^ } , 
Q = {Tx^ e {Tx^} : Tx^ f y^} . 
Obviously two c o n s e c u t i v e terms of {Tx^} can not l i e i n Q. 
We c o n s i d e r t h e fo l lowing t h r e e ca se s : 
Case^ l . I f (Tx^»TXjj^^) e Px P t hen 
d^^^n'TXn.i) = d (y„ ,y^^^ ) 
1-p-r 
< H(Fx„ , ,Fx„ ) + ( ) e " 
""•^ " 1+p+r 
< a d(Tx^_^.Tx^) + 0'^d(rx^_3^,Fx^_^) + 
d(Tx^,Fx^))+ 7(d(Tx^_^,Fx^) + d(Tx^,Fx^_j^)) + 
1-0-r „ 
( ) e" 
l+P+T 
< a d(Tx^_3^,Tx^) + P(d(Tx^_-L,Tx^) + d(Tx^,Tx^^3^)) 
. r (d (Tx^_ , ,Tx^^^) . d(Tx^,Tx^)) . ( ^ ) e " 
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which, on using the triangle inequality, gives 
« c^n 
d(Tx ,Tx ,) < ( ) d (Tx i,Tx ) + — • 
Case-2. I f (TXjj,Tx^^-j^) e Px Q, then by ( I I ) , we obta in 
d(Tx„,Tx^^l) < d(Tx^,yn^l) = d(y„,y„^^) 
and l i k e c a s e - 1 , we have 
d(Tx .Tx , ) < ( ) d (Tx T ,Tx ) + • 
Case-3. I f (Tx^,Tx^^j^) e Qx P, then Tx^^^^ = ^n-l* H®"^ ® 
d(Tx„,Tx„,l) < d(Tx„,y„) + d(y„,y„^3^) 
< d(Tx^,y_) + H(Fx ,Fx ) + ( ) a" 
n n n - i n ^^^^^ 
< d(Tx„,y„) + a d(Tx„_-^,Tx^) + P (d (Tx^ l ,Fx„ . ^ ) 
+ d(Tx^,Fx^)) + r(d(Tx^_^,Fx^) + d(Tx^,Fx^__^)) 
+ ( ) e" 
l+(3+r 
< d(T3^,y„) + ct d(Tx^_^,Tx^) + P(d(Tx^_-^,y^) 
+ d(Tx^,Tx^^p) + ^(d(Tx„.i,Tx^^3^)+d(Tx^,y^)) 
+ ( ) e" 
l+p+r 
 
 
 
 
 
  
 
 
 
9^  
< (1+7) d(Tx^,y^) + (a+r) cl(Tx^ _-^ ,Tx^ ) 
+ (p+r) d(Tx„,Tx^^l) + P d(Tx^,^,y„) 
1-p-r 
+ ( — - ) e". 
1+3+r 
Since d(TXj^ ^^ ,TXjj) + dCTx^^y^^) - dCTx^^.y^^) and 0 < a < 1, 
we can write 
d(Tx^,Tx^^^) < (1+r) d(TXjj_3^ ,y^ ) + P(TXjj__^ ,y^ ) 
+ (p+r) d(Tx ,Tx ,) + ( ) G". 
which yields 
d(Tx Tx ,) < ( ) d(Tx ,y ) + ( ) e". 
Since TXjj_j^  » ^ n-l' ^ "^  •*"" case-2, we obtain 
a+8+')' „n-l 
d(Tx^ , ,Tx ) < ( ) d(Tx^ ,Tx ) + -2 . 
" -^  " 1-p-r "^'^  ""-^  1+p+y 
Combining the foregoing two inequalities, we obtain 
(a+p+7)(l+p+r) 
^(T^n'T^n.l) < (,,3.,)2 ^(^-n-a'^^,-!) 
e"-i e" 
+ 
l - p - r 1+p+r 
Thus, in any case , we have 
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Q' n 
^^T^n'^^n.l> i < 
e ddx^.Tx^^i) + 5;;^ ^^  > or 
Now, proceeding on the lines of Itoh [^9], we can show 
that {TX } is a Cauchy sequence and so converges to some point 
z in X. 
Thus, there exists a subsequence {x } such that each 
term Tx„ is in P,i.e. y„ =« Tx„ = Fx„ ,. 
"k "k "k "k--*-
For convenience, we denote Tx^ as Tx . 
Since T is continuous, the sequence {TTx } converges 
to Tz. Thus using the weak commutativity of F and T, We have 
Tx^ e FXjj T n K and Tx^ -^, e K, so 
d(TTx^, FTx^ _3^ ) < d(Fx^_3^,Tx^^^) 
On letting n 
< d(Tx^,Tx„_^) 
<*, we get 
d(Tz,FTXj^^^) 0 . 
Now^ consider 
d(TTx^,Fz) < d(TTx^,FTx^_^) + H(FTX^_^,FZ) 
1 d(TTXj^ ,Frx^ __^ ) + a d(TTx^_^,Tz) 
+ 0(d(TTx^_^,FTXjj^^) + d(T2,Fz)) 
+ r(d(TTx^_^,Fz) + d(Tz,Frx^-j^)), 
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and on letting n — > oo, we get 
dCT*,FTx^^j^) — • O. 
Now, consider 
d(TTx^,Fz) < d(TTx^,FTx^^^) + H (FTx^_-j^,Fz) 
< dCTTx^.FTXjj^-,^; + a d(TTx^_-j^,Tz) 
+ P(d(TTXj^ _,3^ ,FTXjj_3^ ) + d(Tz,Fz)) 
+ T(d(TTx^^j^,Fz) + d(Tz,FTx^_^)), 
and on letting n — > «*, we get 
d(Tz,Fz) <. (p+T) d(Tz,Fz) 
giving thereby Tz e Fz^as Fz is closed. 
Now, consider 
d(Tx^,Tz) < H (Fx^_^,Fz) 
< a d(Tx^__3^,Tz) + P(d(Tx^.i,Fx^j^) + d(Tz,Fz)) 
+ r(d(TXjj^^.Fz) + d(Tz,Fx^_-^)) 
< a d(TXjj^^,Tz) + P(d(Tx^_3^,Tx^) + d(Tz,Fz)) 
+ 'y(d(Tx^_3^,Tz) + d(Tz,TXjj)). 
On letting n — > «•, we get 
d(z,T2) <, (a+2T) d(z,Tz). 
This gives z = Tz. 
Thus we have proved that z = Tz e Fz, This completes 
the proof. 
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Theorem 5.3.10. Let F and T be the same as defined in 
Theorem 5.5.9. If condition II and III are replaced by 
( I I ) IF,T} i s a compatible p a i r , 
( I I I ) F and T a re continuous on K, 
then t he r e e x i s t s a po in t z in K such t h a t Tz e Fz. 
Proof. Proceeding as Theorem 5.5.9» we have t h a t the sequence 
{TX^} i s Cauchy and the re fo re converges to some point z in K. 
So, as argued t h e r e , t he r e e x i s t s a subsequence {Tx } in P 
i . e . y =« TXj^  . Again, for convenience, we denote Tx^ ^ as 
nk "k ^ ^k 
Tx^. 
Now, we use the compatibility of F,T to show that 
Tz e Fz. Since Tx„ e Fx^ , 0 K and Tx , e K, we have 
n n—X n—1 
d(Fx^_l.Tx^j^) < <i(Tx^»Tx^^j^) > 0 as n —> «•, 
i t follows from the compat ib i l i ty of {F,T} t h a t 
lim d(TTx^, FTx^_^) - 0, 
from the inequa l i ty 
d(TTx^,Fz) < d(TT3<„,FTx^_j,) + H (Frx^j^ ,Fz)^ 
and s ince F i s H-continuous and T i s continuous, on l e t t i n g 
n —> «> i t follows t h a t d(Tz, Fz) = 0 giving thereby Tz e Fz 
as Fz i s c losed. 
This completes the proof. 
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Related Resul t . Our next theorem genera l izes r e s u l t s of 
I t ch [49] and Assad [ 3 ] . 
Theorem 5»5»11. Let (X,d) be a complete me t r i ca l ly convex 
metric space and K a non-empty closed subset of X. Let F 
be a general ized T-contract ive mapping of K i n to CB(X). If 
(a+3+T) ( l+p+r ) / ( l - p -7 ) < 1 and F continuous and condi t ions 
( I ) and ( I I I ) of Theorem 5.5.9 holds , then the re e x i s t s a 
point z in K such t h a t z = Tz e Fz. 
Proof. As in the proof of Theorem 5.5 .9 we cons t ruc t the 
s equence {x } and {y„}. Let {Tx^ } be the sbbsequence whose 
each element is in P i.e. y = Tx^ . For the sake of con-
ic k 
venience, we denote Tx^ as Tx^. 
k 
Let f : K —> R (non-negative reals) be defined as 
f(x) s d(Tx,Fx). Then using Lemma 5.5.3 and 5.5.4 and the 
continuity of T and F, we have for x,y in K, 
Jf(x)-f(y)| < |d(Tx,Fx) - d(Ty,Fx)| + |d(Ty,Fx)-d(Ty,Fy) 
<. d(Tx,Ty) + H (Fx,FV). 
Thus f is continuous on the compact subset K. Let z e K be 
such that f(z) = inf {f(z) : z e K}. Then proceeding as in 
Theorem 3.4 of Khan [62], we can show that f(z) = 0. Thxis 
0 = f(z) = d(Tz,Fz) giving thereby Tz e Fz as Fz is closed. 
Again if we take the subsequence {Tx } of {Tx } such 
that {Tx } C Q i.e Tx ^ K. Then z ^  K. For the sake of 
k k 
convenience we again denote Tx as Tx , 
n, n k 
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Then by Definition 5.5.1» we have for each n = 1,2,... 
there exists q^ e ^ K such that d(Tx^,q^) + d(q^,z) = d(Tx^,z). 
As K is compact F(qj^)C. K and there exist (Lemma 5.5.2—>) 
w e F(q) such that 
n 
d(Tx^,Wjj) < H (Tz,Fy^) + e. 
We also assume that {q^} converges to some point p in "dK. 
Then again on the lines of Theorem 3.^ of Khan [62] we can 
show that 
i+p+r 
f(q) < ( ) f(z) - 2e. 
1-p-r 
Now choose u e K such that Tu e F(qL) satisfying the 
condition dCTq^^.Fq^) = d(Tq^,Tu). As F(z) > 0 we note that 
Tu ^ Tq . Then following Khan [62] we obtain f(u) < f(z) 
contradicting the minimality of z. Hence f(z) » 0 and ap 
f(z) is closed, we find that Tz e Fz. 
Now 
d(Tx^,Fz) < H (Fx^__^,Fz) 
< a d(Tx^ _^ 3^ ,Tz) + p (d(Tx^ _i,Fx^ _-j^ ) + d(Tz,Fz)) 
+ t (d(Tx^_^,Fz) + d(Tz,Fx^_j^)) 
< a d(Tx^_^,Tz)+ 0 (d(Tx^_^,rx^) + d(Tz,Fz)) 
+ 7 (d(Tx^_^,Tz) + d(Tz, Tx^) ) . 
On l e t t i n g n —> «>, y/e g e t 
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d(z.Tz) <. (a+2T) d(z,Tz) 
which implies t h a t z » Tz. 
Thus we have shown t h a t z = Tz e Fz. This completes 
t he proof. 
Theorem 3»3»12. Let K be a non-empty complete subset of a 
metric space (X,d) . Let F : K —> CB(X) and T : K —^ X be 
such t h a t 
6(Fx,Gy) <. a d(Tx,Ty) + p(f i(Tx,Fx) + 6(Ty,Fy)) 
+ 7(6(Tx,Gy) + 6(Ty,Fx)) 
where 0,^,7 >. 0, a+2P+2T < 1 and conditions I - III of 
Theorem 5.5.9 holds, then F and T have a unique common fixed 
point. 
Proof. Let us put 8 = (a+20+2r) ' , then & is positive. 
Define single valued mapping F, such that F,x e Fx for all 
x,y e K and 
d(Tx,Fj^x) >^e6(Tx,Fx) for all x e K. 
Our choice of F^^ is Justified by Lemma 5.5.2. Further, 
in view of condition (I) - (III) of Theorem 5.5.9 (Fj^ ,T| is 
weakly commuting and the range of T contains the range of F,. 
Now^ we get 
d(Fj,x,F^y) < d(Fx,Gy) 
< a d(Tx,Ty) + 8(6"^ d(Tx,F^x) + 0-^d(Ty,F3^y)) 
+ r(e~-'-d(Tx,Fj^ y) + O'-'-dCTy.F-^ x)). 
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As e~"^(20+27) + (X < e"^ (a+2p+2r) <_ (a-».2P+2r) < 1 and K is 
complete, proceeding on the lines of Theorem 1 of [20] with 
suitable modification and Theorem 1 of Wong [108], it follows 
that T and F, have a iinique common fixed point, say z in K. 
Now consider, 
0 = d(z,F_j^ z) >. e 6(z,Fz) 
which show that «(z,Fz) « 0 giving thereby z = Tz c Fz. 
This completes the proof. 
The foregoing method of Theorem 5.5.12 can also be 
used to prove the following. 
Theorem 5.5.13. Let K be a non-empty complete subset of a 
metric space (X,d). Let F : K — > BN(X) and T : K — > X be 
such that 
fl(Fx,Fy) <. a d(Tx,Ty) + p(H(Tx,Fx) + H(Ty,Gy)) 
+ rCHCTx.Fy) + H(Ty,Fx)) 
where a+2p+2r < 1, a,p,r >^ 0 and conditions I-III of Theorem 
5.5.9 hold then F and T have a unique common fixed point. 
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